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This survey paper contains brief historical information, main known facts and original 
author's results on the theory of transmutations and some applications. Operators of 
Buschman-Erdelyi type were first studied by E.T. Copson, R.G. Buschman and A. Erdelyi 
as integral operators. In 1990's the author was first to prove transmutational nature of 
these operators and published papers with detailed study of their properties. This class 
include as special cases such famous objects as Sonine-Poisson-Delsarte transmutations 
and fractional Riemann-Lioville integrals. In this paper Buschman-Erdelyi transmutations 
are fully classified as operators of the first kind with special case of zero order smoothness 
operators, second kind and third kind with special case of unitary Sonine-Katrakhov 
and Poisson-Katrakhov transmutations. We study such properties as transmutational 
conditions, factorizations, norm estimates, connections with classical integral transforms. 
Applications are considered to singular partial differential equations, embedding theorems 
with sharp constants in Kipriyanov spaces, Euler-Poisson-Darboux equation including 
Copson lemma, generalized translations, Dunkl operators. Radon transform, generalized 
harmonics theory. Hardy operators, V. Katrakhov's results on pseudodifferential operators 
and problems of new kind for equations with solutions of arbitrary growth at singularity. 
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2 TRANSMUTATIONS AND APPLICATIONS 

1 

Introduction: an idea of transmutations, historical information and applications. 

1.1 Transmutation operators. 

Transmutation theory is an essential generalization of matrix similarity theory. 
Let start with the main definition. 

Definition 1. For a given pair of operators {A,B) an operator T is called 
transmutation (or intertwining) operator if on elements of some functional spaces 
the next property is valid 



TA = BT. (1) 



It is obvious that the notion of transmutation is direct and far going 
generalization of similarity notion from linear algebra. But transmutations do 
not reduce to similar operators because intertwining operators often are not 
bounded in classical spaces and the inverse operator may be not exist or bounded 
in the same space. As a consequence spectra of intertwining operators are not 
the same as a rule. Moreover transmutations may be unbounded. It is the case 
for Darboux transformations which are defined for a pair of differential operators 
and are differential operators themselves, in this case all three operators are 
unbounded in classical spaces. But the theory of Darboux transformations is 
included in transmutation theory too. Also a pair of intertwining operators may 
not be differential ones. In transmutation theory there are problems for next 
varied types of operators: integral, integro-differential, difference-differential (e.g. 
the Dunkl operator), differential or integro-differential of infinite order (e.g. in 
connection with Schur's lemma), general linear operators in functional spaces, 
pseudodifferential and abstract differential operators. 

All classical integral transforms due to the definition 1 are also special 
cases of transmutations, they include Fourier, Petzval (Laplace), Mellin, Hankel, 
Weierstrass, Kontorovich-Lebedev, Meyer, Stankovic, finite Grinberg and other 
transforms. 

In quantum physics in study of Shrodinger equation and inverse scattering theory 
underlying transmutations are called wave operators. 

Commuting operators are also a special class of transmutations. The most 
important class consists of operators commuting with derivatives. In this 
case transmutations as commutants are usually in the form of formal series, 
pseudodifferential or infinite order differential operators. Finding of commutants is 
directly connected with finding all transmutations in the given functional space. For 
these problems works a theory of operator convolutions, including Berg-Dimovski 
convolutions. Also more and more applications are developed connected with 
transmutation theory for commuting differential operators, such problems are 
based on classical results of J.L. Burchnall, T.W. Chaundy. Transmutations are also 
connected with factorization problems for integral and differential operators. Special 
class of transmutations are the so called Dirichlet-to-Neumann and Neumann-to- 
Dirichlet operators which link together solutions of the same equation but with 
different kinds of boundary conditions. 

And how transmutations usually works? Suppose we study properties for a rather 
complicated operator A. But suppose also that we know corresponding properties 
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for a model more simple operator B and transmutation (1) readily exists. Then we 
usually may copy results for the model operator B to a more complicated operator 
A. This is shortly the main idea of transmutations. 

Let us for example consider an equation Au — f, then applying to it a 
transmutation with property (1) we consider a new equation Bv = g, with v = Tu,g = 
= Tf. So if we can solve the simpler equation Bv — g then the initial one is also 
solved and has solution u = T^ v. Of course it is supposed that the inverse operator 
exist and its explicit form is known. This is a simple application of transmutation 
technique for proving formulas for solutions of ordinary and partial differential 
equations. 

The next monographs [l]-[6] are completely devoted to the transmutation theory 
and its applications. Moreover essential parts of monographs [9]-[21] include material 
on transmutations, the complete list of books which consider some transmutational 
problems is now near of 100 items. 

We specially distinguish the book [4]. In it the most difficult problems of 
transmutation theory were solved. Among them an existence of transmutations 
was proved for high order differential equations with variable coefficients including 
correcting errors of previous papers of Delsarte and Lions, the complete theory of 
Bianchi equation, extension of V. Marchenko theory of operator-analytic functions, 
results on operators commuting in spaces of analytic functions. 

We use the term "transmutation" due to [3]: "Such operators are often called 
transformation operators by the Russian school (Levitan, Naimark, Marchenko et. 
al.), but transformation seems too broad a term, and, since some of the machinery 
seems "magical" at times, we have followed Lions and Delsarte in using the word 
"transmutation" . 

Now the transmutation theory is a completely formed part of mathematical 
world in which methods and ideas from different areas are used: differential and 
integral equations, functional analysis, function theory, complex analysis, special 
functions, fractional integrodifferentiation. 

Transmutation theory is deeply connected with many applications in different 
fields of mathematics. Transmutations are applied in inverse problems via the 
generalized Fourier transform, spectral function and famous Levitan equation; in 
scattering theory the Marchenko equation is formulated in terms of transmutations; 
in spectral theory transmutations help to prove trace formulas and asymptotics for 
spectral function; estimates for transmutational kernels control stability in inverse 
and scattering problems; for nonlinear equations via Lax method transmutations 
for Sturm-Lioville problems lead to proving existence and explicit formulas 
for soliton solutions. Special kinds of transmutations are generalized analytic 
functions, generalized translations and convolutions, Darboux transformations. 
In the theory of partial differential equations transmutations works for proving 
explicit correspondence formulas among solutions of perturbed and non-perturbed 
equations, for singular and degenerate equations, pseudodifferential operators, 
problems with essential singularities at inner or corner points, estimates of solution 
decay for elliptic and ultraelliptic equations. In function theory transmutations 
are applied to embedding theorems and generalizations of Hardy operators, 
Paley-Wiener theory, generalizations of harmonic analysis based on generalized 
translations. Methods of transmutations are used in many applied problems: 
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investigation of Jest solutions in scattering theory, inverse problems, Dirac and other 
matrix systems of differential equations, integral equations with special function 
kernels, probability theory and random processes, stochastic random equations, 
linear stochastic estimation, inverse problems of geophysics and transsound gas 
dynamics. Also a number of applications of transmutations to nonlinear equations 
is permanently increased. 

In fact the modern transmutation theory originated from two basic examples 
[7]. The first is transmutations T for Sturm-Lioville problems with some potential 
qix) and natural boundary conditions 

T{D^y{x)+q{x)y{x))=D^{Ty{x)),D^y{x) =/(x), (2) 

The second example is a problem of studying transmutations intertwining the 
Bessel operator By and the second derivative: 



2v+l „, d 



2 



TiBy)f={D^)Tf, By=D^ + D, D^ ^ -^, v e C. (3) 

X ax'- 

This class of transmutations includes Sonine-Poisson-Delsarte, Buschman-Erdelyi 
operators and generalizations. Such transmutations found many applications for a 
special class of partial differential equations with singular coefficients. A typical 
equation of this class is the B-elliptic equation with the Bessel operator in some 
variables of the form 

n 

Y^Bv,xM^U---,Xn)^f- (4) 

k=l 

Analogously B-hyperbolic and Z?-parabolic equations are considered, this 
terminology was proposed by I. Kipriyanov. This class of equations was first studied 
by Euler, Poisson, Darboux and continued in Weinstein's theory of generalized 
axially symmetric potential (GASPT). These problems were further investigated 
by Zhitomirslii, Kudryavtsev, Lizorkin, Matiychuk, Mikhailov, Olevskii, Smirnov, 
Tersenov, He Kan Cher, Yanushauskas, Egorov and others. 

In the most detailed and complete way equations with Bessel operators were 
studied by the Voronezh mathematician LA. Kipriyanov and his disciples Ivanov, 
Ryzhkov, Katrakhov, Arhipov, Baidakov, Bogachov, Brodskii, Vinogradova, 
Zaitsev, Zasorin, Kagan, Katrakhova, Kipriyanova, Kononenko, Kluchantsev, 
Kulikov, Larin, Leizin, Lyakhov, Muravnik, Polovinkin, Sazonov, Sitnik, Shatskii, 
Yaroslavtseva. The essence of Kipriyanov's school results was published in [15]. 
For classes of equations with Bessel operators I. Kipriyanov introduced special 
functional spaces which were named after him [47]. In this field interesting 
results were investigated by Katrakhov and his disciples, now these problems 
are considered by Gadjiev, Guliev, Glushak, Lyakhov with their coauthors and 
students. Abstract equations of the form (4) originated from the monograph ]9] were 
considered by Egorov, Repnikov, Kononenko, Glushak, Shmulevich and others. And 
transmutations are one of basic tools for equations with Bessel operators, they are 
applied to construction of solutions, fundamental solutions, study of singularities, 
new boundary- value and other problems. 

Some words about the structure of this publication. This is a survey article 
on transmutations of special classes. But the main result on norm estimates 
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and unitarity of Buschnian-Erdelyi transmutations is completely proved (theorem 
29) as many other facts are consequences of this theorem. In the first section 
historical and priority information is provided. An author's classification of 
different classes of Buschman-Erdelyi transmutations is introduced. Based on this 
classification Buschman-Erdelyi transmutations of the first kind and zero order 
operators are studied in the second section. Buschman-Erdelyi transmutations 
of the second kind are considered in the third section. In the fourth section 
Buschman-Erdelyi transmutations of the third kind and also Sonine-Katrakhov 
and Poisson-Katrakhov unitary transmutations are considered. In the final fifth 
section different applications of Buschman-Erdelyi transmutations are listed, mostly 
inevitably briefly. They include embedding theorems for Kipriyanov spaces, solution 
representations for partial differential equations with Bessel operators, Euler- 
Poisson-Darboux equations and Copson's lemma for them, generalized translations, 
Dunkl operators. Radon transform, generalized spherical harmonics and B-harmonic 
polynomials, unitarity for some generalizations of Hardy operators. In the final 
part of this section some results of V. Katrakhov is mentioned on a new class of 
pseudodifferential operators and remarkable problems introduced by him with K — 
trace for solutions with infinite order singularities. 

Also we must note that the term "operator" is used in this paper for brevity in 
the broad and sometimes not exact meaning, so appropriate domains and function 
classes are not always specified. It is easy to complete and make strict for every 
special result. 

1.2 Buschman-Erdelyi transmutations. 

The term "Buschman-Erdelyi transmutations" was introduced by the author 
and is now accepted. Integral equations with these operators were studied in mid- 
1950th. The author was first to prove the transmutational nature of these operators. 
The classical Sonine and Poisson operators are special cases of Buschman-Erdelyi 
transmutations and Sonine-Dimovski and Poisson-Dimovski transmutations are 
their generalizations for hyper-Bessel equations and functions. 

Buschman-Erdelyi transmutations have many modifications. The author 
introduced convenient classification of them. Due to this classification we introduce 
Buschman-Erdelyi transmutations of the first kind, their kernels are expressed 
in terms of Legendre functions of the first kind. In the limiting case we define 
Buschman-Erdelyi transmutations of zero order smoothness being important in 
applications. Kernels of Buschman-Erdelyi transmutations of the second kind are 
expressed in terms of Legendre functions of the second kind. Some combination of 
operators of the first kind and the second kind leads to operators of the third kind. 
For the special choice of parameters they are unitary operators in the standard 
Lebesgue space. The author proposed terms "Sonine-Katrakhov" and "Poisson- 
Katrakhov" transmutations in honor of V. Katrakhov who introduced and studied 
these operators. 

The study of integral equations and invertibility for Buschman-Erdelyi operators 
was started in 1960-th by P.Buschman and A.Erdelyi [22]-[25]. These operators 
also were investigated by Higgins, Ta Li, Love, HabibuUah, K.N. Srivastava, Ding 
Hoang An, Smirnov, Virchenko, Fedotova, Kilbas, Skoromnik and others. During 
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this period for this class of operators were considered only problems of solving 
integral equations, factorization and invertibility, cf. [26]. 

The most detailed study of Buschman-Erdelyi transmutations was taken by the 
author in 1980-1990th [29]-[32] and continued in [27]-[40] and some other papers. 
Interesting results were proved by N.Virchenko and A.Kilbas and their disciples 
[411-142], [431. 



Buschman-Erdelyi transmutations of the first kind. 

2.1 Sonine-Poisson-Delsarte transmutations. 

Let us first consider the most well-known transmutations for the Bessel operator 
and the second derivative: 

72 



T{By)f={D^)Tf,By=D^ + ——D,D^ = ^,veC. (4) 

Definition 2. The Poisson transmutation is defined by 

X 

1 



Pvf 



Jl ,2\V-i w ^ . „ 1 



r(v + i)2^x2v 



The Sonine transmutation is defined by 



(x2-f2) -^f{t)dt,Rev>--. (5) 



2^+1 



va - v) dx 



{x^-t^y-^t^^+'mdi^nev < i. (6) 



Operators (5)-(6) intertwine by formulas 

SyBy =D^Sy, PyD^ = ByPy . (7) 

The definition may be extended to V G C We will use more historically exact term 
Sonine-Poisson-Delsarte transmutations [8]. 

An important generalization for Sonine-Poisson-Delsarte are transmutations 
for hyper-Bessel functions. Such functions were first considered by Kummer and 
Delerue. The detailed study was done by Dimovski and his coauthors [10]. These 
transmutations are called Sonine-Dimovski and Poisson-Dimovski by Kiryakova 
111]. In hyper-Bessel functions theory the leading role is for Obreshkoff integral 
transform 111]. It is a transform with Mayer's G-function kernel which generalize 
Laplace, Mellin, sine and cosine Fourier, Hankel, Mayer and other classical 
transforms. Different results on hyper-Bessel functions, connected equations and 
transformed were many times reopened. The same is true for the Obreshkoff integral 
transform. It my opinion the Obreshkoff transform together with Fourier, Mellin, 
Laplace, Stankovic transforms are basic elements from which many other transforms 
are constructed with corresponding applications. 

2.2 Definition and main properties of Buschman-Erdelyi transmutations of the 
first kind. 
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Let define and study main properties of Buscfiman-Erdelyi transmutations of tlie 
first kind. This class of transmutations for some choice of parameters generalizes 
Sonine-Poisson-Delsart transmutations, Riemann-Liouville and Erdelyi-Kober 
fractional integrals, Mehler-Fock transform. 



Definition 3. Define Buschman-Erdelyi operators of the first kind by 

■(x2-r2)-^P,^(^)/(fVf, 

'(x2-r2)-^Pt;(i)/(f)j,, 

3 



Bltf-[ 





X 





b!-''/^ ' 


X 


El'^f^ 



(8) 

(9) 

(10) 

(11) 



here P^ (z) is the Legendre function of the first kind , Py (z) is this function on the 
cut — 1 ^ / ^ 1 , /(x) is a locally summable function with some growth conditions at 
x^t 0,x^ oo. Parameters /x,V G C, Re/x < 1, Rev ;^ -1/2. 



Now consider main properties for this class of transmutations following 
essentially [29], [32], and also ]7], ]27]. All functions further are defined on positive 
semiaxis. So we use notations L2 for the functional space L2(0,°°) and L2.k for power 
weighted space L2.k{Q,°°) equipped with norm 

|/(x)|V*+irfx. (12) 

N denote set of natural. No-positive integer, Z-integer and M-real numbers. 



First add to definition 3 a case of parameter /x = 1 . 
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Definition 4. Define for jJ- = I Busclunan-Erdelyi operators of zero order 
smoothness by 



v.i r- _ d 
dx 



l^f 



^)mdt, (13) 










PA-)'-^dt, (14) 



xJ dt 







B'/f = 



^v(-)(-^)*, (15) 



xJ dt 



dx 



Pv[^)mdt, (16) 



here Pv{z) ~Py{z) is the Legendre function. 

Theorem 1. The next formulas hold true for factorizations of Buschman-Erdelyi 
transmutations for suitable functions via Riemann-Liouville fractional integrals and 
Buschman-Erdelyi operators of zero order smoothness: 

Ktf = ^o;" 1^0+/, fi- "/ = 1^-' i-'^f, (17) 

pV,^/._ pV rl- 

£■0+ / — 1^0+ ^0+ 



'■ V = i<+ ^o//> El-^f = I-'' 1^-/. (18) 



These formulas allow to separate parameters V and jl. We will prove soon 
that operators (13)- (16) are isomorphisms of L2{Q,°°) except for some special 
parameters. So operators (8)- (11) roughly speaking are of the same smoothness 
in L2 as integrodifferentiations /'^^ and they coincide with them for v = 0. It is also 
possible to define Buschman-Erdelyi operators for all /i G C 

Definition 5. Define the number p = l—Re jj. as smoothness order for Buschman- 
Erdelyi operators (8)- (11). 

So for p > (otherwise ior Rejj. > 1) Buschman-Erdelyi operators are smoothing 
and for p < (otherwise for Re jx < 1) they decrease smoothness in L2 spaces. 
Operators (13)- (16) for which p = due to definition 5 are of zero smoothness 
order. 

For some special parameters v, jJ. Buschman-Erdelyi operators of the first kind 
are reduced to other known operators. So for /i = — v or /x = V + 2 they reduce to 
Erdelyi-Kober operators, for v = they reduce to fractional integrodifferentiation 
Iq^^ or /_ '', for V = — 5, jU = or jU = 1 kernels reduce to elliptic integrals, for jj. = 

= 0, X = 1, V = /f — I the operator B^ differs only by a constant from Mehler-Fock 
transform. 

As a pair for the Bessel operator consider a connected one 

x^ \dx X I \dx X / ' 
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which for V G N is an angular inonientum operator from quantum physics. Their 
transmutational relations are established in the next theorem. 



Theorem 2. For a given pair of transmutations Xy,Yv 
define the new pair of transmutations by formulas 

c _ y , „v+l/2 p _ „-(v+l/2)y 

dv —^v-l/2X ' ,rv~X ' ' 'Iv-1/2- 

Then for the new pair Sv,Pv the next formulas are valid: 

SyBy = D^Sy,PyD^ = ByPy. 



(20) 

(21) 
(22) 



Theorem 3. Let RepL ^ 1. Then an operator Bg^ is a Sonine type transmutation 
and (20) is valid. 



The same result holds true for other Buschman-Erdelyi operators, E_ is Sonine 
type and E^\^ , B_ are Poisson type transmutations. 



From these transmutational connections we conclude that Buschman-Erdelyi 
operators link corresponding eigenfunctions for two operators. They lead to formulas 
for Bessel functions via exponents and trigonometric functions and vice versa which 
generalize classical Sonine and Poisson formulas. 

Now consider factorizations of Buschman-Erdelyi operators. First let list 
main forms of fractional integrodifferentiations: Riemann-Liouville, Erdelyi-Kober, 
fractional integral by function g{x), cf. [26]. 



^(i+,xf ' 



1 



r(a) 



{x-tY-'f{t)dt, 



(23) 



/V = 



r(a) 



{t-xT-'f{t)dt, 



h+,2,r\f '■ 



2x"2(a+J7) 

r(a) 



(x2-f2)«-^2r, + l^(j)^j^ 



(24) 



'"2^''^=^l(^'-"')""'''"'*"^'"^(^)^^ 
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4%/ = 



r(a) 



{g{x)-g{t)r-'g'{t)f{t)dt 



(25) 



I" J 



r(a)J 



{g{t)-g{x)f-'g'(t)f(t)dt, 



in all cases Re a > and operators may be further defined for all a [26] . In case 
oi g{x) =x (25) reduces to Riemann-Liouville, in case oi g{x) = x^ (25) reduces to 
Erdelyi-Kober and in case of g{x) = Inx to Hadamard fractional integrals. 



Theorem 4. The next factorization formulas are valid for Buschman-Erdelyi 
operators of the first kind via Riemann-Liouville and Erdelyi-Kober fractional 
integrals 



nV,|l _ ,V+l-^,-(v+l) /2 
^0+ -■'0+ V;2,v+n_^ 



v+1 






v+1 



/+1 i-(v+Ai) 
'0+;2,-f0+ 



„v,|i _ / 2\ ,-(v+l) jV-^i+2 

- I - ) ^-;2,v+l^- 



El'^^r^ 



V+M)rV+l {^\ 



V+1 



(26) 
(27) 
(28) 
(29) 



Sonine-Poisson-Delsarte transmutations also are special cases for this class of 
operators. 



Now let study properties of Buschman-Erdelyi operators of zero order 
smoothness defined by (13). A similar operator was introduced by Katrakhov 
by multiplying the Sonine operator with fractional integral, his aim was to work 
with transmutation obeying good estimates in L2{0,°°). 



We use the Mellin transform defined by [44] 



gis)^Mfis) 
The Mellin convolution is defined by 

(/l*/2)(-^) = 



X'* /(x) dx. 



(30) 







M^)My>T 



(31) 
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SO the convolution operator with kernel K acts under Mellin transform as 
multiplication on multiplicator 



M[Af]{s)=M 







K[ ^)/Wy]W =M[K*f]{s)=mA{s)Mf{s), (32) 

mA{s)^M[K]{s). 



We observe that Mellin transform is a generalized Fourier transform on semiaxis 
with Haar measure — [52]. It plays important role for special functions, for example 
the gamma function is a Mellin transform of the exponential. With Mellin transform 
the important breakthrough in evaluating integrals was done in 1970th when mainly 
by O.Marichev the famous Slater's theorem was adapted for calculations. The 
Slater's theorem taking the Mellin transform as input give the function itself 
as output via hypergeometric functions [44]. This theorem occurred to be the 
milestone of powerful computer method for calculating integrals for many problems 
in differential and integral equations. The package MATHEMATICA of Wolfram 
Research is based on this theorem in calculating integrals. 

Theorem 5. Buschman-Erdelyi operator of zero order smoothness B^' defined by 
(13) acts under the Mellin transform as convolution (32) with multiplicator 

mis) r(-V2 + Ki)r(-V2-Ki/2) 
^^~ r(i/2-f)r(i-f) ^^^^ 

for Res < min(2 + Rev, 1 — Rev). Its norm is a periodic in v and equals 

mm(l, vl — sm;rv) 

This operator is bounded in L2(0,°°) if V ^2k+ 1/2, A: e Z and unbounded if V = 

= 2fc+l/2,yteZ. 

This theorem is the most important result of this article so we give a complete 
proof. 

1. First let us prove the formula (33) with a proper multiplicator. For it using 
consequently formulas (7), p. 130, (2) p. 129, (4) p. 130 from ]44] we evaluate 



^«)W = ^^ 



//(^-l)Pv(-)j{y/(y)}^ 
y y } y 



(s-l) 



r(2-^5),^r/..2 1^ 0„0 



we use notations from [44] for Heaviside and cutting power functions 

x",ecjiHx^O r,/ N n ( l,ecjiHx^O 

, H{x) = x+ 



0, ecjiH X < ' 1 0, ecjiH x < 
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Further using formulas 14(1) p. 234 h 4 p. 130 from [44] we evaluate 

M[(x-l)+"pO(V^)](.) 



r(i+|-.)r(-^-.) 



rii-s)ra-s 



M[(x2-1)/P«(x)](^-1) = ^-^^^^^ 



¥)r(-! 



¥) 



r(i-^)r( 



s-l 



1 r(- 



■ + i)r(- 



r(-§ + i)r(-f + i) 



under conditions Kes < min(2 + Re v, 1 — Rev). Now evaluate formula for 

3. 



M(<)(.) 



1 r(2-i) , s -,, , - 
— 7 7-r( — + -)r — + 1 

2 ri-i) "- 2 2^^ ^ 2 ^ 



Applying to r{2 — s) the Legendre duplication formula (cf. [45]) we evaluate 



M[B^^)[s)-^ r(i-. 



Apply the Legendre duplication formula once more to r(l —s) and the formula for 
the multiplicator (33) is proved. In the paper ]29] it was shown that restrictions 
may be reduced to < Re.s < 1 for proper v. These restrictions may be weakened 
because they were derived for the class of all hypergeometric functions but we need 
just one special case of the Legendre function for which specified restrictions may 
be easily verified directly. 

2. Now prove the formula (34) for a norm. From the multiplicator value we just 
found and theorem 4.7 from [7[ on the line Res = l/2,s — iu + l/2 it follows 



oV.l 



\MiBl-:l)iiu + l/2)\ = 



1 



r(-/f 



- _+i)r(-/| + x + 3) 



r(i - iu) 



Below operator symbol in multiplicator will be omitted. Use formulas for modulus 
\z\ ~ ^/zi and gamma-function r(z) ~ r(z) following from its definition as integral. 
The last property is true in general for the class of real-analytic functions. So we 
derive 

\MiBl'l)iiu + l/2)\ = 



n-q ^ + i)r(/| - ^ + i)r(-.-| + ^ + inq + ^ + I) 



r(|-/M)r(| + /M) 



In the numerator combine outer and inner terms and transform three pair of gamma- 
functions by the formula (cm. [45[) 



r(i + z)r(i-z) 



TT 



cosnz 
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As a result we evaluate 



|M(Bo^;^)(/«+ 1/2)1- / ^ ' 



2cos ;?r(^ + I + /f )cos ;r(^ + i - /f ) 



ch {■Kiu) 
ch;rM — sin;rv 



Further denote as f = cHttm, 1 ^ f < oo. So derive once more applying theorem 4.7 
from [7] 



sup|m(/MH — )| = sup ,, 

So if sin;rv ^ then supremum achieved at f = 1 and for the norm the formula (34) 
is valid 

1 



1^0+1^2 - 



vT-smTrv 



Otherwise if sin ttv ^ then supremum achieved at f ^- oo and the next formula is 
valid 

11^0+1^2 = 1- 

This part of the theorem is proved. 

3. From the explicit values for norms and above cited theorem 4.7 from [7] 
follow conditions of boundedness or unboundedness and periodicity. The theorem 
is completely proved. 

Now proceed to finding multiplicators for all Buschman-Erdelyi operator of zero 
order smoothness. 

Theorem 6. Buschman-Erdelyi operator of zero order smoothness acts under the 
Mellin transform as convolutions (32). For their multiplicators the next formulas 
are valid 



r(|-§)r(i-f) 



m.v {s) = ^ ^ V =; (35) 



2--^r(-f-^ + i)r(-f + ^ + i) 



r(i-f)r(i-f) 

^(^5+ 2 + 1)^(^3^ 2^2^ 



m,pv (s) = ^-^ — ^— ^ '^ 7-, Res < 1; (36) 



r(i + .!^ + l)r(-- -) 
m pv_{s) = —^ 2 ^_12 ILfies > mnx{Rev,-l - Rev); (37) 



r(i)r(§ + i) 
r(f)r(^ + i) 



m.,v (,v) = ^lL^2±zL_^^Res > (38) 



14 TRANSMUTATIONS AND APPLICATIONS 

The next formulas are valid for norms of Buschman-Erdelyi operator of zero 
order smoothness in Lj'. 



Ili^o+ll - lli^-ll = l/min(l,Vl-sin;rv), (39) 

lliPo+ll -lli^^^ll =max(l,Vl-sin;rv). (40) 

Similar results are proved in [27]-[29] for power weight spaces. 

Corollary 1. Norms of operators (13) - (16) are periodic in v with period 2 
IIX^II = WX^+^W.X" is any of operators (13) - (16). 

Corollary 2. Norms of operators i5q , , \P'^ are not bounded in total, every norm 
is greater or equals to 1. Norms are equal to 1 if sin;rv ^ 0. Operators iS^j^, iPl are 
unbounded in L2 if and only if sinTTV — 1 (or V = {2k) + 1/2, k dZ). 

Corollary 3. Norms of operators iPq^, iS^ are all bounded in v, every norm is 
not greater then \/2- Norms are equal to 1 if sinTTV ^ 0. Operators iPq^, i5^ are 
bounded in L2 for all v. Maximum of norm equals \/2 is achieved if and only if 
sin7rv = -l (hjih v = -l/2+(2fe), keZ). 

The most important property of Buschman-Erdelyi operators of zero order 
smoothness is unitarity for integer V. It is just the case if interpret for these 
parameters the operator Ly as angular momentum operator in quantum mechanics. 

Theorem 7. The operators (13) - (16) are unitary in L2 if and only if the parameter 
V is an integer. In this case pairs of operators (i^^,^, iP^) and (i5^, i^o^^) are 
mutually inverse. 

To formulate an interesting special case let us propose that operators (13) - 
(16) act on functions permitting outer or inner differentiation in integrals, it is 
enough to suppose that xf{x) ^ for x ^ 0. Then for v = 1 

iPoV/=(/-Hi)/, iSlf^{I-H2)f, (41) 



and //i, 7/2 are famous Hardy operators, 

f{y)dy, H2f 



X 







^-fdy. (42) 



/ is the identic operator. 

Corollary 4. Operators (41) are unitary in L2 and mutually inverse. They are 
transmutations for a pair of differential operators (fi /dx^ h d^ /dx^ — 2/x^. 

Unitarity of shifted Hardy operators (41) in L2 is a known fact [46]. Below in 
application section we introduce a new class of generalizations for classical Hardy 
operators. 

Now we list some properties of operators acting as convolutions by the 
formula (32) and with some multiplicator under the Mellin transform and being 
transmutations for the second derivative and angular momentum operator in 
quantum mechanics. 

Theorem 8. Let an operator S^ acts by formulas (32) and (20). Then 
a) its multiplicator satisfy a functional equation 
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m(s) = m{s — 2) 



(.-l)(5-2) 



(i-l)(i-2)-v(v+l)' 



(43) 



6) if any function p{s) is periodic with period 2 {p{s) ^ p{s — 2)) then a function 
p{s)m{s) is a multiphcator for a new transmutation operator ^j also acting by the 
rule (20). 

This theorem confirms the importance of studying transmutations in terms of 
the Mellin transform and multiphcator functions. 

Define the Stieltjes transform by (cf. [26]) 



{Sf){x) = 



m 



■dt. 



This operator also acts by the formula (32) with multiphcator p{s) = % / sin{%s) , it 
is bounded in Li- Obviously p{s) ~ p{s — 2). So from the theorem 32 it follows that a 
convolution of the Stieltjes transform with bounded transmutations (13)- (16) are 
also transmutations of the same class bounded in L2- 

On this way many new classes of transmutations were introduced with special 
function kernels. 



Buschman-Erdelyi transmutations of the second kind. 



Now we consider Buschman-Erdelyi transmutations of the second kind. 

Definition 5. Define a new pair of Buschman-Erdelyi transmutations of the 
second kind with Legendre functions of the second kind in kernels 




{x^-/)-^Qii-)f{y)dy + 



iy'-x'Y 



ll{-)f{y)dy 



(42) 



2P'f = 



{x^-y^)-W,C-)f{y)dy- 

X 



if 



„2^-A^w3' 



QU-)fiy)dy 



(43) 



These operators are analogues of Buschman-Erdelyi transmutations of zero 
order smoothness. If y — > x ± then integrals are defined by principal values. It 
is proved that they are transmutations of Sonine type for (42) and of Poisson type 
for (43). 

Theorem 9. Operators (42) - (43) are of the form (32) with multiplicators 

'"25*' (■«) = /'CO fn^gv (s), (44) 

p{s) 



16 



TRANSMUTATIONS AND APPLICATIONS 



with multiplicators of operators i5_^, iP-^ defined by (37) - (38), with period 2 
function p{s) equals 



P{s) 



sin;rv + cos7rs 
sin nv — sin ns 



(46) 



Theorem 10. The next formulas for norms are valid 



||25^||l2 =max(l, vT+sinTrv) 



liP^hi = l/min(l,\/l+sin7rv) 



(47) 
(48) 



Corollary. Operator 2-5^ is bounded for all v. Operator 2^^ is not bounded if 
and only if then sin;rv = —1. 

Theorem 11. Operators 2^^ and 2^^ are unitary in L2 if and only if v G Z. 

Theorem 12. Let V = /j3 + 1/2, j3 G M. Then 



|25^!|l2 = Vl+ch^, ||2Pl|t2 = l. 



(49) 



Theorem 13. The next formulas are valid 



iS'f: 



n 






— — 2f^y)^y- 



(50) 
(51) 



So in this case the operator 2^^ reduce to a pair of semiaxis Hilbert transforms 
[26]. 

For operators of the second kind also introduce more general ones with two 
parameters analogically to Buschman-Erdelyi transmutations of the first kind by 
formulas 






{x^W)-^e-^^-^Q^A-)f{y)dy + 



(52) 



{/+x\^Q^{-)f{y)dy\, 



here Q\, (z) is the Legendre function of the second kind, Qy (z) is this function on 
the cut [45], Rev < 1. The second operator may be defined as formally conjugate in 
L2(0,oo) to (52). 
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Theorem 14. The operator (52) on Cq{0,°°) is well defined and acts by 

M[2S']{s)^m{s)-M[x'-^f]{s), 



z(i)=2''- 



r(§ 



cos ;r(jU — s) — cos nv 
sin7r(/x — s) — sin;rv 

r(f)r(f + i)) 



(53) 



Buschman-Erdelyi transmutations of the third kind. 



4.1 Sonine-Katrakhov and Poisson-Katrakhov transmutations. 

Now we construct transmutations which are unitary for all v. They are defined 
by formulas 



'S£//= -sin— 2^ / + COS— iS- f, 



nv 



nv 



P^/=-sin— 2PV + C0S— iPJf. 



(54) 
(55) 



For all values v G M they are linear combinations of Buschman-Erdelyi 
transmutations of the first and second kinds of zero order smoothness. Also 
they are in the defined below class of Buschman-Erdelyi transmutations of the 
third kind. Integral representations are valid 



nv 



Slf = co.-[-- 



Pv\-]f{y)dy + 



(56) 



2 . nv 
— sm — 

n 2 



(x2-/)-^e;Q/(y)rfy 



(/-x^)-3QM- /(y)rfy 






P^f = cos 



nv 



xJ \dy 



f{y)dy^ 



(57) 



2 . nv 
— sin — 

n 2 



(x^ -/)-1q1 g) /(y)rfy - j(/ ^x^r'^Ql (^) f{y)dy\ 



Theorem 15. Operators (54)- (55), (56)- (57) for all v G M are unitary, mutually 
inverse and conjugate in L2- They are transmutations acting by (19). S\j is a Sonine 
type transmutation and P^ is a Poisson type one. 

Transmutations like (56)-(57) but with kernels into more complicated form with 
hypergeometric functions were first introduced by Katrakhov in 1980. Due to it the 
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author propose terms for this class of operators as Sonine-Katrakhov and Poisson- 

Katrakhov. In author's papers these operators were reduced to more simple form 

of Buschman-Erdelyi ones. It made possible to include this class of operators in 

general composition (or factorization) method [50], [33], ]35]. 

4.2 Buschman-Erdelyi transmutations of the third kind with arbitrary weight 

function. 

Define sine and cosine Fourier transforms with inverses 



Fcf^ 



f{y)cos{ty)dy, F, ^ F„ 



(58) 



Fsf- 



f{y)sm{ty)dy, P-'^F, 



(59) 



Define Hankel (Fourier-Bessel) transform and its inverse by 



Fvf = 



1 



2^r(v + i) 



/W;v(fy)/^+Vy = 








,2v+l 



dy - 



f{y)Jv{ty)y'+' dy.^ 



(60) 



F^'f 



1 



fit^yiyty+'dt 



(61) 



Here Jv{) is the Bessel function ]45], jv(') is normalized Bessel function ]15]. 
Operators (58)- (59) are unitary self-conjugate in L2(0,°°). Operators (60)- (61) 
are unitary self-conjugate in power weighted space L2.v(0,°°). 

Now define on proper functions the first pair of Buschman-Erdelyi 
transmutations of the third kind 






1 



' -'■ >(0 

(f) _ F-l 



^V , 



-■F-\^{t)F,), 



(62) 
(63) 



and the second pair by 



c('P) _ r-l 
"v,.v — ^s 



(pit) 



pi^^^F-'icpm,)., 



(64) 
(65) 



with (p(j) being an arbitrary weight function. 
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The operators defined on proper functions are transmutations for By and D . 
Tfiey may be expressed in the integral form. 

Theorem 16. Define transmutations for By and D by formulas 



is] \s 



1 



(p{t) 



M 



(p{t)Ff 



Then for the Sonine type transmutation an integral form is valid 



s 



V 



(x) 



/ 



rffe 



Kix,y)^y 



v+l 



K{x,y)f{y)dy, 



sin(xf) 
cos(xf) , ^ ^ 



For the Poisson type transmutation an integral form is valid 



rffe 





p(V) f 


G{ 


. 1 



(x) 



G{x,y)f{y)dy, 



sm{yt) 



(66) 



(67) 



^{t)t''^^V^^^lyf^\M^t)dt. 



Introduced before unitary transmutations of Sonine-Katrakhov and Poisson- 
Katrakhov are special cases of this class operators. For this case we must choice a 
weight function ^{t) as a power function depending on the parameter v. The author 
plans to publish a special paper on Buschman-Erdelyi transmutations of the third 
kind with arbitrary weight function. 



Some Applications of Buschman-Erdelyi transmutations. 

In this section we gather some applications of Buschman-Erdelyi operators (but not 
all) . Due to the article restrictions most items are only briefly mentioned with most 
informative facts and instructive references. Some applications only mentioned as 
problems for future investigations. 
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5.1 Norm estimates and embedding theorems in Kipriyanov spaces. 

Consider a set of functions D(0,°c). If /(x) e I])(0,°o) then f{x) E C~(0,°o), f{x) 
is zero at infinity. On this set define seminorms 

ll/IU? = I|O"/IIl,(0H (58) 

here D " is the Riemann-Liouville fractional integrodifferentiation, operator in (59) 
is defined by 

(-^Tf-^'^-ko--''' (60) 



I_2 i^ Erdelyi-Kober operator, a e K. For j8 = n G No expression (60) reduces to 
classical derivatives. 

Theorem 17. Let f{x) E D(0,oo). Then the next formulas are valid: 

D«/=i5«-'x«(-i-f)«/, (61) 

X ax 

x"{--^rf=,P"-'D"f. (62) 

X ax 

So Buschman-Erdelyi transmutations of zero order smoothness for a G N links 
differential operators in seminorms definitions (58) and (59). 

Theorem 18. Let f{x) E D(0,oo). Then the next inequalities hold true for seminorms 



/Ik? s^max(l,Vl+sin;ra)||/|k„, (63) 



ll^ll/i? ^ . n ,! , . =7ll/ll/.^ (64) 

2 min(l,vl +sin;ra) ^ 

here a is any real number except a ^ —j+ 2k, kEls. 

Constants in inequalities (63)- (64) are not greater than 1, it will be used below. 
If sin;ra = —1 or a = —j+2k, kEl then the estimate (64) is not valid. 

Define on D(0,oo) the Sobolev norm 

II/IIh'«-II/IIl2(oh + 11/11/.?- (65) 

Define one more norm 

ll/llw«-ll/L2(0H + ll/ll/i« (66) 

Define spaces W2", W^ as closures of D(0,oo) in (65) or (66) respectively. 

Theorem 19. a) For all a G R the space W^ is continuously imbedded in Wj", 
moreover 

11/11 w««;Ai||/||^a, (67) 

with A\ ~ max(l,\/l +sin;ra). 
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6) Let sinTta =^ —1 or a ^ —j+2k, fc e Z. Then the inverse embedding oiW" in 

ll/llwa«;A2||/||w«, (68) 



W" is vahd, moreover 



with A2 = l/min(l,\/l +sin7ra). 

b) Let sin;ra 7^ —1, then spaces W" and W" are isomorphic with equivalent 
norms. 

r) Constants in embedding inequahties (67)- (68) are sharp. 

In fact this theorem is a direct coroUary of results on boundedness and norm 
estimates in L2 of Buschman-Erdelyi transmutations of zero order smoothness. At 
the same manner from unitarity of these operators follows the next 

Theorem 20. Norms 

ll/llw« = E WDifh,, (69) 

.7=0 

ll/llw« = Ell-^'(-^^)Vlk, (70) 

are equivalent for integer s € Z. Moreover every term in (69) equals to appropriate 
term in (70) of the same index j. 

1. Kipriyanov introduced in [47] function spaces which essentially influenced the 
theory of partial differential equations with Bessel operators and in more general 
sense theory of singular and degenerate equations. These spaces are defined by the 
next way. First consider subset of even functions in D(0,oo) with all zero derivatives 
of odd orders at x = 0. Denote this set as Dt(0,oo) and equipped it with a norm 

ll/llw£, = 11/11^2. + 11^1 Ik,. (71) 

here s is an even natural number, B)^ is an iteration of the Bessel operator. Define 
Kipriyanov spaces for even i as a closure oi Dc{0,°°) in the norm (71). It is a known 
fact that equivalent to (71) norm may be defined by [47] 



1 d 



\f\\m-\\f\K + \W(--:ryf\K (72) 



So the norm Wj ^ may be defined for all s. Essentially this approach is the same as 
in [47], another approach is based on usage of Hankel transform. Below we adopt 
the norm (72) for the space Wj^.. 

Define weighted Sobolev norm by 

Il/llw^,.-ll/lk2.. + ll^-/lk,. (73) 



'2.k 



and a space Wj ^ as a closure of ©^(0,°°) in this norm. 
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Theorem 21. a) Let k 7^ — n, n G N. Then the space Wj* j. is conthiuously embedded 
into W|^, and there exist a constant A3 > such that 

ll/lk|,«;A3ii/ii^. (74) 

6) Let k + s y^ —2m\ — 1, k — s ^ — 2m2 — 2, mi e Nq, m2 G Nq. Then the inverse 
embedding holds true of Wj* j. into Wj' ^,, and there exist a constant A4 > 0, such that 

II/II#£^«;A4||/||w|,. (75) 

b) If the above mentioned conditions are not vahd then embedding theorems under 
considerations faiL 

CoroUary 1. Let the next conditions hold true: k 7^ — n, n G N; k + s ^ —2m\ — 

— 1, miGNo; k — s^ — 2m2 — 2, m2 G No- Then Kipriyanov spaces may be defined 
as closure of Dc(0,oo) in the weighted Sobolev norm (73). 

Corollary 2. Sharp constants in embedding theorems (74)- (75) are 

A3=max(l,||i5_-'-i||L2,,), A4-max(l,||iP_-'-i||L,J. 

It is obvious that the theorem above and its corollaries are direct consequences 
of estimates for Buschman-Erdelyi transmutations. Sharp constants in embedding 
theorems (74)- (75) are also direct consequences of estimates for Buschman-Erdelyi 
transmutations of zero order smoothness. Estimates in Lpa not included in this 
article allow to consider embedding theorems for general Sobolev and Kipriyanov 
spaces. 

So by applying Buschman-Erdelyi transmutations of zero order smoothness we 
received an answer to a problem which for a long time was discussed in "folklore": 

— are Kipriyanov spaces isomorphic to power weighted Sobolev spaces or not? Of 
course we investigated just the simplest case, results may be generalize to other 
seminorms, higher dimensions, bounded domains but the principal idea is clear. All 
that do not in any sense disparage neither essential role nor necessity for applications 
of Kipriyanov spaces in the theory of partial differential equations. 

The importance of Kipriyanov spaces is a special case of the next general 
principle of L. Kudryavtsev: 

"EVERY EQUATION MUST BE INVESTIGATED IN ITS OWN SPACE!" 

The proved in this section embedding theorems may be applied to direct transfer 
of known solution estimates for B-elliptic equations in Kipriyanov spaces (cf. 
[15], [47] ) to new estimates in weighted Sobolev spaces, it is a direct consequence of 
boundedness and transmutation properties of Buschman-Erdelyi transmutations. 



5.2 Solution representations to partial differential equations with Bessel operators. 

The above classes of transmutations may be used for deriving explicit formulas 
for solutions of partial differential equations with Bessel operators via unperturbed 



S.M. SITNIK 23 

equation solutions. An example is the B-elliptic equation of the form 

n 

Y^Bv^xM^i,---,x„)^f, (76) 

k=l 

and similar B-hyperbolic and B-parabolic equations. This idea early works by 
Sonine-Poisson-Delsarte transmutations, cf. [l]-[3], [9], [15]. New results follow 
automatically for new classes of transmutations. 

5.3 Cauchy problem for Euler-Poisson-Delsarte equation (EPD). 
Consider EPD equation in a half space 

d^u 2a + l du 

Ba.tU[t,x) = ^p5-H =- =A;,u+F{t,x), 

ot^ t at 

with f > 0, X G M". Let us consider a general plan for finding different initial and 
boundary conditions at f = with guaranteed existence of solutions. Define any 
transmutations Xa,t and Ya,t satisfying (19). Suppose that functions Xa.tu = v{t,x), 
Xa,tF = G{t,x) exist. Suppose that unperturbed Cauchy problem 

-^=A^v + G, v|(=o = (p(x), v[\,=o = W{x) (77) 

is correctly solvable in a half space. Then if Yaj = X^^ , then we receive the next 
initial conditions 

Xau\t=Q = a{x), {Xauy\t=o = b{x). (78) 

By this method the choice of different classes of transmutations (Sonine-Poisson- 
Delsarte, Buschman-Erdelyi of the first, second and third kinds, Buschman-Erdelyi 
of the zero order smoothness, unitary transmutations of Sonine-Katrakhov and 
Poisson-Katrakhov, transmutations with general kernels) will correspond different 
kinds of initial conditions [29] . 

In the monograph of Pskhu [54] this method is applied for solving an equation 
with fractional derivatives with the usage of Stankovic transform. Glushak applied 
Buschman-Erdelyi operators in [55]. 

The Buschman-Erdelyi operators were first introduced exactly for EPD equation 
by Copson. We formulate his result now. 

Copson lemma. 

Consider partial differential equation with two variables on the plane 

d^u{x,y) 2a du{x,y) d^u{x,y) Ifi du{x,y) 
dx^ X dx dy^ y dy 

(this is EPD equation or B-hyperbolic one in Kipriyanov's terminology) for x > 
> 0, y > and j3 > a > with boundary conditions on characteristics 

m(x,0) =/(x),«(0,y) ^8{y),m -^(0). 
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It is supposed that the solution u{x,y) is continuously differentiable in the closed 
first quadrant and has second derivatives in this open quadrant, boundary functions 
f{x),g{y) are differentiable. 

Then if the solution exist the next formulas hold true 



du du 

oy ax 



2Pr{i5 + \)lf{xtr+p+'{i 



t^)^p[Jtdt 



(79) 
(80) 



:2"r(a 



j{xt)t"+l^+^{l-t^)^p',"tdt, 



(81) 



^(y)- 



inn+i) ^,_,p 



r(a + ^)r(j3-a 



.'"-'fix){y'-xy-''-' 



^v ClA^ . 



(82) 



here Py (z) is the Legendre function of the first kind [7] . 

So the main conclusion from Copson lemma is that data on characteristics can 
not be taken arbitrary, these functions must be connected by Buschman-Erdelyi 
operators of the first kind, for more detailed consideration cf. [7]. 

5.4 Applications to generalized translations. 

This class of operators was thoroughly studied by Levitan [16]-[17]. It has 
many applications to partial differential equations, including Bessel operators [8]. 
Generalized translations are used for moving singular point from the origin to any 
location. They are explicitly expressed via transmutations [8] . Due to this fact new 
classes of transmutations lead to new classed of generalized translations. 

5.5 Applications to Dunkl operators. 

In recent years Dunkl operators were thoroughly studied. These are difference- 
differentiation operators consisting of combinations of classical derivatives and finite 
differences. In higher dimensions Dunkl operators are defined by symmetry and 
reflection groups. For this class there are many results on transmutations which are 
of Sonine-Poisson-Delsarte and Buschman-Erdelyi types, cf. [59] and references 
therein. 



5.6 Applications of Buschman-Erdelyi operators to the Radon transform. 

It was proved by Ludwig in [51] that the Radon transform in terms of spherical 
harmonics acts in every harmonics at radial components as Buschman-Erdelyi 
operators. Let us formulate this result. 
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Theorem 22. Ludwig theorem ([51], [52]). Let the function f(x) bemg expanded in 
M" by spherical harmonics 

/W=L/^,/('-)i'*,/(0)- (83) 

k,l 

Then the Radon transform of this function may be calculated as another series in 
spherical harmonics 

Rf{x)=g{r,e)^Y.SkA'-)yk,m. (84) 



gk,l{r) =c(n) 



k,l 

n-3 



)^c"f{^)fk,i{ry"-^ds, (85) 



here c(«) is some known constant, C^ [jj is the Gegenbauer function [45]. The 
inverse formula is also vahd of representing values fk.i{r) via gk,i{r). 

The Gegenbauer function may be easily reduced to the Legendre function [45]. 
So the Ludwig's formula (85) reduce the Radon transform in terms of spherical 
harmonics series and up to unimportant power and constant terms to Buschman- 
Erdelyi operators of the first kind. 

Exactly this formula in dimension two was developed by Cormack as the first 
step to the Nobel prize. Special cases of Ludwig's formula proved in 1966 are for 
any special spherical harmonics and in the simplest case on pure radial function, in 
this case it is reduced to Sonine-Poisson-Delsarte transmutations of Erdelyi-Kober 
type. Besides the fact that such formulas are known for about half a century they 
are rediscovered still... As consequences of the above connections the results may 
be proved for integral representations, norm estimates, inversion formulas for the 
Radon transform via Buschman-Erdelyi operators. In particular it makes clear that 
different kinds of inversion formulas for the Radon transform are at the same time 
inversion formulas for the Buschman-Erdelyi transmutations of the first kind and 
vice versa. A useful reference for this approach is [53]. 

5.7 Application of Buschman-Erdelyi operators to generalized polynomials and 
spherical harmonics. 

It was known for many years that a problem of describing polynomial solutions 
for B-elliptic equation do not need the new theory. The answer is in the 
transmutation theory. A simple fact that Sonine-Poisson-Delsarte transmutations 
transform power function into another power function means that they also 
transform explicitly so called B-harmonic polynomials into classical harmonic 
polynomials and vice versa. The same is true for generalized B-harmonics because 
they are restrictions of B-harmonic polynomials onto the unit sphere. This approach 
is thoroughly applied by Rubin [60]-[61]. Usage of Buschman-Erdelyi operators 
refresh this theory with new possibilities. 

5.8 Application of Buschman-Erdelyi transmutations for estimation of generalized 
Hardy operators. 

We proved unitarity of shifted Hardy operators (41) and mentioned that it is 
a known fact from [46]. It is interesting that Hardy operators naturally arise in 
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transmutation theory. Use the theorem 7 with integer parameter which guarantees 
unitarity for finding more unitary in L2{0,°°) integral operators of very simple form. 

Theorem 23. The next are pair of unitary mutually inverse integral operators in 
L2(0-): 



U3f = f + 







X 


U5f = f + 3x 


/ 





^7/ = /+!^ 


y 



y X 



y^ x^ 



yf{y)dy, U^f = f-3x 
15x2 3 



t/9/-/- 



Umf = f- 



1 



1 



y y 

\ x^ X 



ny)dy, 



yfiy)dy, 



fiy)% 
y 



ny)dy, 
f{y)dy. 



5.9 Integral operators with more general functions as kernels. 
Consider an operator iSq_^. It has the form 



l'^0+ 



d 
dx 



K\-\f{y)dy, 



(86) 



with kernel K expressed by K{z) — Pv{z). Simple properties of special functions lead 
to the fact that i5q^ is a special case of (86) with Gegenbauer function kernel 



with a = V, j3 



2'^-ir(a + 2j3)r(j3 + i) 
i or with Jacobi function kernel 



K{z) = 



r(a + l) 



Cn[P,(y) 



2PT{a + p 



-{z-\)P{z+irp'i'''\z) 



(87) 



(88) 



with a = V, p = (7 = 0. More general are operators with Gauss hypergeometric 
function kernel 2/^1, Mayer G or Fox H function kernels, cf. [26], [48]. For studying 
such operators inequalities for kernel functions are very useful, e.g. [49]-[50]. 
Define the first class of generalized operators. 
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Definition 6. Define Gauss-Buschman-Erdelyi operators by formulas 

iFo+(a,b,c)[f] 



2'-ir(c) 



rTij^T'^^'^i}^'^^-^^'^^'^^ 



(89) 






^h-c 



2F,\7\':^---^]f{y)dy, 



(90) 



lF^{a,b,c)[f] 



1 



2'-ir(c)' 



(91) 



:-l 



a-\-h—c 



2Fr["/\\-\l]f{y)dy, 



2F4a,b,c)[f] 



2'-ir(c) 



'--I 



c-l 



X , \ ^ I a.b'^ ^ ^ 



- + ij 2F,[^\-^-]mdy. 



(92) 






(93) 
(94) 



Symbol 2^1 in definitions (90) and (92) means Gauss hypergeometric function 
on natural domain and in (89) and (91) the main branch of its analytical 
continuation. 

Operators (89)- (92) generalize Buschman-Erdelyi ones (8)- (11) respectively. 

They reduce to Buschman-Erdelyi for the choice of parameters a — ^{v + jU), b = 

= 1 + V — jLi, c = I — fi. For operators (89)- (92) the above results are generalized 

with necessary changes. For example they are factorized via more simple operators 

(93)- (94) with special choice of parameters. 

Operators (93)- (94) are generalizations of (13)- (16). For them the next result 
is true. 

Theorem 24. Operators (93)- (94) may be extended to isometric in L2{Q,°°) if and 
only if they coincide with Buschman-Erdelyi operators of zero order smoothness 
(13)- (16) for integer values oi V = j{b — a— 1). 
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This theorem single out Buschman-Erdelyi operators of zero order smoothness at 
least in the class (89)- (94). Operators (89)- (92) are generalizations of fractional 
integrals. Analogically may be studied generalizations to (42)- (43), (52), (56)- 
(57). 

More general are operators with G function kernel. 



iGo.(a,/3,5,r)[/]^^^^-^^. (95) 

X 



Another operators are with different interval of integration and parameters of G 
function. For a = l—a, fi — I — b,5 = 1 — c,Y=0 (95) reduce to (89) , for a = 1 + 
+ V, j3 = —V,5 = 7=0 (95) reduce to Buschman-Erdelyi operators of zero order 
smoothness iSq^. 

Further generalizations are in terms of Wright or Fox functions. They lead to 
Wright-Buschman-Erdelyi and Fox-Buschman-Erdelyi operators. These classes are 
connected with Sonine-Dimovski and Poisson-Dimovski transmutations [10], [11], 
and also with generalized fractional integrals introduced by Kiryakova ]11]. 

5.10 Application of Buschman-Erdelyi transmutations in works of V. Katrakhov. 



V. Katrakhov found a new approach for boundary value problems for elliptic 
equations with strong singularities of infinite order. For example for Poisson 
equation he studied problems with solutions of arbitrary growth. At singular point 
he proposed the new kind of boundary condition: /f— trace. His results are based on 
constant usage of Buschman-Erdelyi transmutations of the first kind for definition 
of norms, solution estimates and correctness proofs [56]-]57]. 

Moreover in joint papers with I. Kipriyanov he introduced and studied new 
classes of pseudodifferential operators based on transmutational technics ]58] . These 
results were paraphrased in reorganized manner also in ]2]. 
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OnEPATOPbl nPEOBPA30BAHH5I ByillMAHA-BPAEHH, 
HCTOPHMECKHH CBE/IEHH5I, KJTACCH0HKAI[;H5I, nPHJTO>KEHH5I. 



PyccKaa Bepcna CTaTbH. 



CM. CHTHHK 

BopOHe>KCKHH HHCTHTyT MB^, BopoHejK, PoccHa. 

6 

BBCfleHHe. 

6.1 OnepaTopbi npeo6pa30BaHHa (OH). 

Teopna onepaTopoB npeo6pa30BaHHa — sto cymecTBeHHoe o6o6meHHe TeopHH noflo- 

Sna KOHCHHOMepHBix MaTpHD,. ^aflHM cpasy ochobhoc onpeflejieHne. 

Definition 1. IlycTb flana napa onepaTopoB (A,B). OnepaTop T HasBiBaeTca onepa- 

TopoM npeo6pa30BaHHa (Oil, cnjieTaromnii onepaTop, transmutation, intertwining 

operator), ecjin na sjieMenTax noflxoflani,Hx 4)yHKri;HOHajiBHbix npocTpancTB bbihoji- 

HaeTca cooTHomeHne 



TA = BT. (1) 



5IcHO, HTO nOHaTHe Oil aBjiaCTCa npaMBiM h flajiCKO Hflyni,HM o6o6LEi;eHHeM nonaTna 
noflo6Ha MaTpnn, h3 jiHHeiiHoii ajire6pbi. Ho Oil ne CBOflaTca k noflo6HBiM (hjih 
SKBHBajieHTHBiM) OHcpaTopaM, TaK KaK cnjiCTaeMBie onepaTopti KaK npaBHjio aB- 
jiaroTca HeorpaHHMeHHbiMH b ecTecTBenHbix npocTpancTBax, k TOMy »ce o6paTHbiii 
K on He o6a3aH cyn^ecTBOBaTB, fleiicTBOBaTb b tom ace npocTpancTBe hjih Sbitb 
orpaHHieHHBiM. TaK hto cneKTpBi onepaTopoB, cnjiCTaeMBix Oil, KaK npaBHjio ne 
coBnaflaroT. KpoMe Toro, caMH Oil MoryT 6bitb HeorpanHHenHbiMH. TaK 6BiBaeT, 
HanpHMep, b TeopHH npeo6pa30BaHHii flap6y, npeflMeTOM KOTopoii aBjiacTca naxoac- 
flenne flH4)4>epeHii;HajiBHbix onepaTopoB Hpeo6pa30BaHHa (noflCTanoBOK hjih saMen) 
Meacfly napoii flH4)4>epeHii,HajibHBix ace onepaTopoB, TaKHM o6pa30M b stom cjiyiae 
Bce TpH paccMaTpHBaeMbix onepaTopa aBjiaiOTca HeorpaHHieHHbiMH b ecTecTBeHHbix 
npocTpancTBax;. llpn stom Teopna npeo6pa30BaHHH 7],ap6y KaK cooTBeTCTByiomHii 
pas^eji TeopHH flHtjscjsepeHiiHajibHBix ypaBHeHHit TaKJKe BHHCbiBaeTca b o6myio cxeMy 
TeopHH onepaTopoB npeo6pa30BaHHa npn ee pacmnpeHHOM noHHMaHHH. KpoMC Toro, 
MoacHO paccMaTpHBaTb onepaTopbi npeo6pa30BaHHa ne tojibko fljia napbi flH4)4>e- 
peHu,HajibHbix onepaTopoB. B tbophh Oil BCTpenaiOTca 3aflaHH fljia cjieflyiomnx 
pa3HOo6pa3Hbix thhob onepaTopoB: HHTcrpajibHbix, HHTerpo-flHfJwJjepeHiiHajibHbix, 
flH4)4)epeHii,HajibHO-pa3HOCTHbix (nanpHMep, THna /l^yHKjia), flfv^tjpepeHUfiajibHbix 
HJIH HHTerpo-flHfJxJ'speHii.HajibHbix 6ecKOHeHHoro nopa^Ka (nanpHMep, b Bonpocax, 
CBa3aHHbix c jieMMoii lllypa o flonojinaeMOCTH), o6iti,Hx jiHHeiiHbix b (JjHKCHpoBan- 
Hbix 4)yHKii,HOHajibHbix npocTpancTBax, nceBfl0flH4)4)epeHii,HajibHbix h onepaTopno- 
flH4)4>epeHii,HajibHbix (a6cTpaKTHbix flH4)4>epeHn;HajibHbix) . 
Bo3MoacHOCTb, HTo6bi HCxoflHaa H npeo6pa30BaHHaa 4)yHKii,HH npHnafljieacajiH pa3- 

JIHMHblM npOCTpaHCTBaM, HTO HpHHaTO HOflHepKHBaTb HCnOJIb30BaHHeM paSJIHIHblX 

o6o3Ha^eHHii fljia nepeMennbix, no3BOjiaeT BKjno^iHTb b o6in,yio cxeMy Oil Bce 
KjiaccH^iecKHe HHTerpajibHbie npeo6pa30BaHHa: Oypbe, Jlanjiaca (na caMOM flejie 
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neTLi,Bajia) , MejijiHHa, XaHKejia, BeiiepniTpacca, KoHTopoBHia-JleSefleBa, Mejiepa- 
OoKa, CxaHKOEHHa h flpyrne. B o6iLi,yio cxeMy Oil TaKJKe BKjironaiOTca KOHe^HBie 
HHTerpajiBHBie npeo6pa30BaHHa F.A. rpHH6epra. 

B KBaHTOBoii 4)H3HKe npn paccMOTpenHH ypaBHCHHa LUpeflHHrepa h aaflan TeopHH 
pacceaHHa BCTpenaeTca cneii,HajiBHBiH Kjiacc OH — bojihobbib onepaTopBi. 
KoMMyTHpyiomHe onepaTopBi jiio6oh npHpoflBi TaKJKe noflxoflaT nop, onpeflejiCHHe 
on. HaHSojiee 6jih3ko k flyxy h aaflanaM TeopHH Oil OTHOCHTca HsyienHe one- 
paTopoB, KOMMyTHpyiomHx c npoH3BOflHBiMH. CaMH Oil B 3TOM cjiy^ac sanacTyio 
npeflCTaBjiaiOTca 4)opMajiBHBiMH paflaMH, nceBflo-flH4)4>epeHD;HajiBHBiMH onepaTO- 
paMH HjiH flH4)4>epeHn,HajiBHBiMH onepaTopaMH 6ecKOHe^iHoro nopaflKa. OnncaHHe 
KOMMyTaHTOB HanpaMyK) CBasano c onncaHHeM Bcero ceMeiiCTBa Oil fljia saflaHHoit 
napBi no ero eflHHCTBeHHOMy npeflCTaBHTejiro. B stom Kjiacce sa^aM (JjyHflaMeHTajTB- 
HBie npHjiojKeHHa nainjia Teopna onepaTopHBix CBepTOK, oco6eHHO CBepTKH Bepra- 
/l^HMOBCKH. HaHHHaroT HaxoflHTB npHjiojKeHHa B TeopHH on H peayjiBTaTBi fljia 
KOMMyTHpyK3m,Hx flH4)4'6peHn,HajiBHBix onepaTopoB, BOCxoflani,He k KjiaccH^ecKHM 
pa6oTaM Bep^inejia h Mohah (J.L. Burchnall, T.W. Chaundy). Teopna On TaKsce 
CBasana c BonpocaMH 4>aKTopH3an,HH flHtJxJ'cpeHu.HajibHBix onepaTopoB. 
OTflejiBHBiH Kjiacc on cocTaBjiaroT npeo6pa30BaHHa, KOTopBie fljia oflHoro h Toro »ce 
ypaBHeHHa CBasBiBaiOT KpaeBBie ycjiOBHa paajiHHHBix thhob, HanpHMep, neiiMaHa h 
^HpHxjie. 

KaK ace o6bimho ncnojiBsyiOTca onepaTopBi npeo6pa30BaHHa? nycTB, nanpHMep, 
MBi Hsyi^acM HeKOTopBiit floCTaTOHHO cjioacHO ycTpoeHHBiH onepaTop A. Upm stom 
Hy»cHBie CBoitcTBa yace hsbccthbi fljia MOflejiBHoro 6ojiee npocToro onepaTopa B. 
Torfla, ecjiH cyn],ecTByeT On (1), to nacTO yflacTca nepenecTH CBoitcTBa MOflejiBHoro 
onepaTopa B h na A. TaKOBa b hbckojibkhx cjiOBax npHMepnaa cxeMa THHHHHoro 
HcnojibsOBaHHa On b KOHKpeTHbix aaflanax. 

B lacTHOCTH, ecjiH paccMaTpHBacTca ypaBHCHHe Au = / c onepaTopoM A , to npHMenaa 
K HeMy on T CO cnjieTaK)m,HM cbohctbom (1), nojiyMaeM ypaBHenne c onepaTopoM 
B BHfla Bv = g, rfle oSosHaneHO v = Tu.g = Tf. nosTOMy, ecjiH BTopoe ypaBHCHHe 
c onepaTopoM B aBjiaeTca 6ojiee npocTBiM, h fljia Hero yace H3BecTHBi 4)opMyjiBi 
fljia pemeHHH, to mbi nojiynaeivi h npeflCTaBjieHHa fljia pemenHH nepBoro ypaBHenna 
u = T~ V. PasyMeeTca, npn stom o6paTHbiH onepaTop npeo6pa30BaHHa flojiscen cy- 
mecTBOBaTB H fleitcTBOBaTB B paccMaTpHBaeMBix npocTpancTBax, a fljia nojiyneHHa 
aBHfcix npeflCTaBjieHHH pemeHHit flOji>KHO Gbitb nojiy^eHO h aBHoe npeflCTaBjieHne 
SToro o6paTHoro onepaTopa. TaKOBO oflHO h3 HpocTeitrnHx HpHMeHenHH TexHHKH On 

B TeopHH flH4)4>epeHH,HajIBHBIX ypaBHeHHH, KaK o6BIKHOBeHHBIX, TaK H C HaCTHBIMH 

npOH3BOflHbIMH. 

nBJIOaceHHK) TeopHH on H HX HpHJIOaceHHaM HOJIHOCTBK) nocBam,eHBi MOHOrpa4)HH 

[l]-[6], a TaKJKe HOflpo6HbiH o63op aBTopa [7]. MeTOflbi Teopnn On cocTaBjiaroT 
KpoMe Toro cyni,ecTBeHHBie nacTH MOHorpatJjHii [9]- [21], ceiiHac stot chhcok mo>kho 

flOHOJIHHTb HOi^TH flO 100 MOHOrpa4)HH. 

CjieflyeT cnen,HajiBHO otmcthtb MOHorpatjsHio ^.K. Oare h n.n. narnnSHfla [4]. B 

9TOH MOHOrpacjjHH HpaKTHMeCKH HHKaK HB OTpajKeHBI y»Ce HSBeCTHBie K TOMy BpeMeHH 

peayjiBTaTBi Teopnn On, hto hojihoctbk) KOMneHcnpyeTca HSjioacenneM b ochobhom 
co6cTBeHHBix pesyjiBTaTOB aBTopoB no oflfiopL H3 caMBix TpyflHBix saflan Teopnn 
on — HX HOCTpoennn fljia fln4)4)epenu;najiBnbix onepaTopoB bbicokhx nopa^KOB c 
nepeMennbiMH K034)4>Hn;HeHTaMH. KpoMe Toro, b STy MonorpacJjHKt bohijih h Mnorne 
flpyrne BOnpocBi: penienne saflann 06 onepaTopax, KOMMyTnpyron^nx c nponSBOflnbi- 
MH B npocTpancTBax anajiHTHnecKHx 4)yHKn;HH (BKjiMnaa HCHpaBjienne omH6oHHBix 
pesyjiBTaTOB ^ejiBcapTa h JlnoHca), cosflaHne aaKOHHeHHoil TeopHH paspeniHMOCTH 
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fljia ypaBHCHHa BHaHKH, Teopna onepaTopHO-aHajiHTHi^ecKHx 4)yHKLi,HH (nepBona- 
MajiBHO B03HHKmaa b pa6oTax B.A. MapneHKo), HCCjieflOBaHHe onepaTopoB flHcJiclje- 
peHLi,HpoBaHHa, HHTerpHpoBaHHa a KopHeit h3 hhx b npocTpancTBax anajiHTHHecKHx 

4)yHKLl,HH. 

CflejiaeM oflHO TepMHHOjiorHHecKoe saMenanHe. B aanaflHoii jiHTepaType npHHaT 
fljia on TepMHH "transmutation", Bocxoflamnii k >K. /l^ejibcapTy. KaK OTMCiaeT 
P. Ksppojiji, noxojKHH TepMHH "transformation" npn stom saKpenjiaeTca 3a KjiaccH- 
lecKHMH HHTerpajibHBiMH npeo6pa30BaHHaMH OypBe, Jlanjiaca, Mejijinna, XanKejia 
H flpyrHMH noflo6HbiMH HM. ITpHBefleM flocjiOBHyM Li,HTaTy H3 [3]: "Such operators 
are often called transformation operators by the Russian school (Levitan, Naimark, 
Marchenko et. al.), but transformation seems too broad a term, and, since some of the 
machinery seems "magical" at times, we have followed Lions and Delsarte in using 
the word transnmtation". 

B HacToaLn,ee BpeMa Tcopna onepaTopoB npeo6pa30BaHHa npeflCTaBjiaeT co6oit noji- 
HOCTbK) otjjopMHBnmiica caMOCToaTejibHbiii pas^eji MaTCMaTHKH, Haxoflam,Hiica na 
CTbiKC flH4)4)epeHLi,HajibHbix H HHTerpajibHbix ypaBHCHHii, 4)yHKLi;HOHajibHoro ana- 
jiH3a, TCopHH c|3yHKLi,Hii, KOMnjiCKCHoro aHajiH3a, TeopHH cneLi,HajibHbix 4>yHKn,Hii n 
flpo6Horo HHTerpoflHc|3c|3epeHHLi,poBaHHa. Heo6xoflHMOCTb TeopnH onepaTopoB npeo6- 
pasoBanna flOKa3aHa 6ojibniHM hhcjiom ee npnjiojKeHHit. MeTOflbi onepaTopoB npe- 
o6pa30BaHHa npHMenaiOTca b TeopnH o6paTHbix sa^an, onpeflejiaa o6o6m,eHHoe npe- 
o6pa30BaHHe Oypbe, cneKTpajibHyio 4)yHKn;HK) h penieHua 3HaMeHHToro ypaBHenna 
JlesHTana; b Teopnn pacceanna Hepe3 onepaTopbi npeoSpasoBanna BbinncbiBaeTca 
He MCHee 3HaMeHHToe ypaBHCHHe MapneuKo; b cneKTpajibHoii TeopnH nojiynaroTca 
H3BecTHbie 4)opMyjibi cjieflOB h acHMHTOTHKa CHeKTpajibHoit c|3yHKLi,HH; OLi,eHKH aflep 
onepaTopoB Hpeo6pa30BaHHa OTBCMaroT 3a ycToituHBOCTb o6paTHbix saflan h 3aflaH 
pacceanna; b Teopnn nejinneitHbix flntJxJ'fipeHLi.HajibHbix ypaBHennii MCTOfl JTaKca 
Hcnojib3yeT onepaTopbi npeo6pa30BaHHa fljia flOKasaTCjibCTBa cymecTBOBanna pe- 
nieHHH H nocTpoenna cojihtohob. OnpeflejiennbiMn pa3HOBHflHOCTaMH onepaTopoB 
npeo6pa30BaHHa aBjiaiOTca nacTn Teopnii o6o6m,eHHbix anajiHTHHecKHx c|3yHKLi,Hii, 
onepaTopoB o6o6iEi;eHHoro cflBnra n o6o6m,eHHbix onepaTopHbix CBepTOK, mctoa npe- 
o6pa30BaHHa ^ap6y. B Teopnn ypaBHennii c nacTHbiMH HpoH3BOflHbiMH MCTOflbi 
onepaTopoB Hpeo6pa30BaHHa npHMenaroTCa fljia nocTpoenna aBHbix BbipaaceHnit fljia 
pemennn B03Mym,eHHbix 3aflaH Hepe3 pemenna HeB03Mym,eHHbix, H3yMeHHH cnnry- 
jiapnbix H Bbipo>KflaH3m,Hxca KpaeBbix 3a/],ai^, nceBflOflH4)4>epeHn,HajibHbix onepaTO- 
poB, 3aflaH fljia pemennii c cymecTBennbiMn oco6eHHOCTaMH na uacTH rpaHHn,bi 
BO BnyTpennnx njin yrjiOBbix TOHKax, OLi,eHKH CKopocTH y6biBaHHa peniennii hcko- 
Topbix sjijiHUTHHecKHx H yjibTpasjijiHUTHHecKHx ypaBHeHHii. Teopna onepaTopoB 
npeo6pa30BaHHa no3BOjiaeT flaTb noByro KjiaccH4)HKan;HK3 cnen,HajibHbix 4)yHKn;Hii 
H HHTerpajibHbix onepaTopoB co cneu;HajibHbiMH 4)yHKH;HaMH b aflpax, b tom incjie 
pasjiHiHbix onepaTopoB flpoSnoro HHTerpoflH4)c|3epeHH,HpoBaHHa. B Teopnn 4)yHKn;Hii 
naitflenbi npnjiojKeHna onepaTopoB npeo6pa30BaHHa k BjiojKennaM cJDynKitHOHajibHbix 
npocTpancTB n o6o6meHHio onepaTopoB Xap^n, pacmnpennio Teopnn nsjin-Bnnepa, 
nocTpoennio pa3jiHHHbix KOHCTpyKn,Hii o6o6iii,eHHoro cflBnra n ocnoBannbiM na hhx 
o6o6iii,eHHbix BapnanTOB rapMOHnnecKoro aHajiH3a. MeTOflbi Teopnn onepaTopon npe- 
o6pa30BaHHa c ycnexOM npHMCnaiOTCa bo mhophx npnKJiaflnbix 3aflaMax: on;eHKax 
peinennii MocTa b KBanTOBoii Teopnn pacceanna, oSpaTUbix 3aflaHax, HCCjieflOBannn 
CHCTCMbi /l^npaKa n flpyrnx MaTpnMHbix chctcm flntJxJ'speHn.HajibHbix ypaBHennii, 
onepaTopnbix n flH4)4)epeHn,HajibHO-onepaTopHbix ypaBnennax, pa3jiHHHbix HHTe- 
rpajibHbix ypaBnennax, b tom hhcjic co CHeu;HajibHbiMH c|3yHKH,HaMH b aflpax, Teopnn 
BepoaTHOCTcii n cjiyuaiinbix npon,eccoB, jmneiiHOM CTOxacTHuecKOM on,eHHBaHHH, 
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4)HjiBTpaLi;HH, CTOxacTHHecKHx cjiynaitHbix ypaBHCHHax, o6paTHbix saflanax reo4)H- 
3HKH H TpaHCSByKOBoii rasoflHHaMHKH. KpoMe y>Ke HSBCCTHbix fljia MeTOfla JlaKca h 
npeo6pa30BaHHH ^ap6y Bce BpeMa yBejiHHHBaeTca hhcjio hobbix npHjioaceHHit Oil k 
HejiHHeJiHBiM flH4)4>epeHLi,HajibHBiM ypaBHeHHaM a HCCjieflOBaHHio cojihtohob. 
OaKTHHecKH coBpeMCHHaa Teopna onepaTopoB npeo6pa30BaHHa BOSHHKjia h3 flByx 
npHMepoB, CTaBniHx KjiaccHMecKHMH [7]. HepBbiM npHMepoM aBjiaiOTca OH, nepe- 
BOflamne onepaTop IIlTypMa-JlHyBHjijia c neKOTopbiM nOTeHLi,HajiOM q{x) bo BTopyio 
npoH3BOflHyio: 

T{D^y{x)+q{x)y{x))^D^{Ty{x)),D^y{x) ^y"{x), (2) 

npH HeKOTopoM Bbi6ope ecTecTBeHHbix KpaeBbix ycjiOBHii. 

BTopoit npHMep — sto 3aflaHa o npeo6pa30BaHHH onepaTopa Beccejia bo BTopyio 
npoH3BOflHyio: 

T (By) f = fz)2) Tf,By =D^ + ^:X±1d,D^ = 1^ , V e C. (3) 



X dx^ ' 

Ha 3TOM nyTH bo3hhkjih Oil CoHHHa-nyaccoHa-/^ejibcapTa, ByniMaHa-BpfleiiH h 
Hx MHoroHHCjieHHbie o6o6in,eHHa. TaKHe onepaTopbi npeo6pa30BaHHa naxoflaT mho- 
roMHCjieHHbie npHjiOKCHHa npn H3yHeHHH oflHoro Kjiacca ypaBHeHHii c nacTHbiMH 

npOH3BOflHbIMH C OCo6eHHOCTaMH, THnHMHbIM npeflCTaBHTejIBM KOToporo aBJiaCTCa 

fi-3jijiHnTHi^ecKoe ypaBHCHHe c onepaTopaMH Beccejia no KajKfloii nepeMenHoit BHfla 

n 

}2Sv,i-i"(^l,.--,x„) =/, (4) 

k=\ 

aHajiorHHHO paccMaTpHBaroTca S-rHnep6ojiHMecKHe h S-napa6ojiHHecKHe 
ypaBHeHHa. H3yi^eHHe SToro Kjiacca ypaBHeHHii 6bijio nanaTO b paSoTax Biijiepa, 
IlyaccoHa, ^ap6y, npoflojisceno b TeopHH o6o6m,eHHoro ocecHMMeTpHnecKoro 
noTeHn,Hajia A. BanHniTeiiHa h b Tpyflax OTenecTBenHbix MaTeiviaTHKOB H.E. EropoBa, 
51.11. >KHTOMHpcKoro, Jl.fl. KyflpaBn,eBa, 11. H. JlH3opKHHa, M.Il. MaTHitnyKa, 
Jl.r. MnxafljiOBa, M.H. OjieBCKoro, M.M. CMnpnoBa, C.A. TepcenoBa, Xe Kan Hepa, 
A. II. 5lHymayCKaca h flpyrnx. 

HaH6ojiee hojiho bocb Kpyr BonpocoB fljia ypaBHeHHii c onepaTopaMH Beccejia 
Sbiji H3yHeH BopoHe>KCKHM MaTeMaTHKOM II. A. KHHpHaHOBbiM H ero yneHHKaMH 
Jl.A. IlBanoBbiM, A.B. Pbijkkobbim, B.B. KaTpaxoBbiM, B.Il. ApxnnoBbiM, 
A.H. BaitflaKOBbiM, B.M. BorancBbiM, A.Jl. BpoflCKHM, F.A. BHHorpaflOBoit, 
B.A. 3aiiLi;eBbiM, lO.B. 3acopHHbiM, P.M. KaranoM, A.A. KaTpaxoBoit, 

H.Il. KHnpHaHOBoii, B.H. Kohohchko, M.Il. KjiiOHaHu;eBbiM, A.A. KyjiHKOBbiM, 

A.A. JlapHHblM, M.A. JleH3HHbIM, Jl.H. JlaXOBblM, A.B. MypaBHHKOM, 

H.n. IlojIOBHHKHHblM, A.K). Ca30H0BbIM, CM. ChTHHKOM, B.H. IlIaLl,KHM, 

B.51. 5IpocjiaBH;eBoii; ocHOBHbie pe3yjibTaTbi SToro nanpaBjieHHa npeflCTaBjienbi b [15]. 
^jia OHHcaHHa KjiaccoB pemeHHit cooTBCTCTByiomnx ypaBHCHHS H.A. KHnpnanoBbiM 
6bijiH BBefleHbi H H3yMeHbi 4)yHKu;HOHajibHbie npocxpancTBa [47], H03flHee Ha3BaHHbie 
ero HMeneM. 

B 3TOM HanpaBjieHHH pa6oTaji B.B. KaTpaxoB, ceiiHac ypaBHenna c onepaTopoM Bec- 
cejia H CBa3aHHbie c hhmh Bonpocbi H3yHaiOT A.B. FjiymaK, B.C. FyjiHCB, Jl.H. JlaxoB 
CO CBOHMH KOjijieraMH H yHCHHKaMH. 3aflaHH fljia OHepaTopHO-flHcl3cl3epeHii;HajibHbix 
(a6cTpaKTHbix) ypaBHCHHii BHfla (4), 6epyiii,He nanajio b H3BecTHoii MOHorpatJjHH ]9], 
paccMaTpHBajiH A.B. FjiymaK, C.B. IllMyjieBHH, H.JX- PennHKOB ii flpyrne. 
OnepaTopbi npeo6pa30BaHiia aBjiaiOTCa o^hiim ii3 ochobhbix HHCTpyMCHTOB ii3yHe- 
Hiia SToro Kjiacca ypaBHeHHii. Ohh HCH0Jib3yiOTca fljia HOJiyMenna 4)opMyji fljia pe- 
ineHHH, 4>yHflaMeHTajibHbix pemeHHii, OHHcanna oco6eHHOCTeH, HOCTanoBOK KpacBbix 
saflaM H B flpyrnx Bonpocax. 



38 TRANSMUTATIONS AND APPLICATIONS 

KpaTKO onHincM CTpyKTypy npefljiaraeMoit CTaTbH. ^annaa pa6oTa hocht b ochob- 
HOM 0630PHBIH xapaKTep. BMecTe c tgm ochobhoh peayjiBTaT 06 ycjiOBHax orpa- 
HHMeHHOCTH H yHHTapHOCTH onepaTopoB BymMaHa-BpfleiiH npHBeflen c hojikbim 
flOKasaTejiBCTBOM (TeopeMa 29). Bo bboahom nepBOM pas^ejie HSjiaraiOTca HCTopH- 
MecKHe H npHopHTCTHBie CBeflCHHa. HcnojiBsyeTca npefljiosccHHaa aBTopoM yflo6Haa 
KjiaccHCJjHKai^Ha pasjiHHHBix KjiaccoB onepaTopoB BymMaHa-9pfleHH. Ha ocHOBe 
SToii KjiaccHcljHKai^HH BO BTopoM pasflejie H3jio>KeHBi ocHOBHbie pesyjiBTaTBi aBTopa 
no onepaTopaM npeo6pa30BaHHa ByniMaHa-BpfleiiH nepBoro po^a, BKjiiOMaa one- 
paTopBi HyjieBoro nopaflxa rjiaflKOCTH, b TpeTBeM pasflejie — no onepaTopaM npe- 
o6pa30BaHHa ByniMaHa-BpfleiiH BToporo pofla, b neTBepTOM — no onepaTopaM npe- 
o6pa30BaHHa ByniMaHa-BpfleiiH TpeTBero po^a, a Taxace yHHTapntiM onepaTopaM 
npeo6pa30BaHHa CoHnna-KaTpaxoBa h IlyaccoHa-KaTpaxoBa. B saKjiMHHTejibHOM 
naTOM pasflejie npnBefleHBi npnjiojKenHa onepaTopoB npeo6pa30BaHHa ByniMana- 
9pfleHH pasjiHMHbix KjiaccoB K Bjio>KeHHio npocTpancTB H.A.KnnpnaHOBa b BecoBbie 
npocTpancTBa C.Jl.Co6ojieBa, cjjopMyjiaM fljia penienHii ypaBHenHii c ^^acTHbiMH 
npoH3BOflHbiMH c oncpaTopaMH Beccejia, ypaBHennaM 9itjiepa-nyaccoHa-/^ap6y, 
BKjiiOHaa jieMMy Koncona, nocTpoenHio onepaTopoB o6o6in,eHHoro cflBnra, onepa- 
TopaM T^yHKjia, npeo6pa30BaHHK) Paflona, nocTpoeHnio o6o6ni,eHnbix ccjaepHHecKHx 
rapMOHHK H S-rapMOHHHecKHx nojinnoMOB, a TaKsce flOKasaTejibCTBy ynHTapnocTH b 
npocTpancTBe JTe6era o6o6ni;eHHH KjiaccnnecKHx onepaxopoB Xapfln. B saKjuoHeHne 
3Toro pasflejia KpaTKO nepeHncjienbi peayjibTaTbi B.B.KaTpaxoBa no npnjioscenHio 
onepaTopoB npeo6pa30BanHa ByniMaHa-BpfleJtn k nocTpoenne noBoro Kjiacca nccB- 
flOflH4)4)epeHn,Hajibnbix onepaTopoB n HBy^^enmo BBeflennoro hm Kjiacca KpaeBbix 
3atZ;aH c K — cjieflOM c cyn],ecTBeHHbiMH oco6eHnocTaMH b pemeHnax. 
CflejiaeM oflHO TexKH^^ecKoe saMenaHHe. Ka^scflbiii KOHKpeTHbiii pesyjibTaT o tom, 
MTO HeKOTopbiit on cnjieTaeT napy npeoGpaayeMbix onepaTopoB, flojiacen conpoBO>K- 
flaTbca aKKypaTHbiM yKasanneM Bcex o6jiacTeH onpeflejienna onepaTopoB h KjiaccoB 
paccMaTpHBaeMbix 4)yHKD;HH. fljia KpaTKOCTH STa KOHKpeTHKa b flanHoii CTaTbe 
yKasbiBaeTca ne fljia Ka>Kfloro peayjibxaTa, xoTa fljia KajKfloii TeopeMbi TaKne TOHHbie 
ycjiOBHa nojiyMeHbi. KpoMC Toro, mm ncnojibsyeM b neKOTopbix cjiynaax pjis KpaTKO- 
CTH TepMHH "onepaTop" bmbcto 6ojiee tohhofo "flH4)4)epeHn,HajibHoe BbipajKenne". 

6.2 OnepaTopBi npeo6pa30BaHHa ByniMaHa-BpfleiiH. 

HasBanne "onepaTopbi ByniMana-BpfleiiH" 6bijio npefljioaceHO aBTopoM, b nocjie^Hee 
BpeMa ono CTajio o6ni,enpHnaTbiM. HnTerpajibnbie ypaBnenna c noflo6HbiMH onepa- 
TopaMH paccMaTpHBajiHCb c cepeflHnbi 1950-x roflOB, aBTopoM 6bijio BnepBbie noKa- 
3ano, HTO onepaTopbi ByniMana-BpfleiiH asjiaiOTca onepaTopaMH npeo6pa30BaHHa 
fljia flH4)4)epeHii,HajibHoro BbipajKenna Beccejia h HsyMenbi hx cnen,HajibHbie CBoii- 
CTBa HMeHHO KaK onepaTopoB npeo6pa30BaHHa. HacTHbiMH cjiyiaaMH onepaTopoB 
npeo6pa30BaHHa ByniMana-BpfleiiH aBjiaroTca nsBecTHbie KjiaccHMecKne onepaTopbi 
npeo6pa30BaHHa CoHnna n DyaccoHa, a nx o6o6ni,eHHaMH aBjiaroTca onepaTopbi 
npeo6pa30BaHHa Connna-^HMOBCKH n nyaccoHa-/lHMOBCKH fljia rnnepSeccejieBbix 
ypaBHeHHH n 4>yHKn,HH. 

OnepaTopbi ByniMana-BpfleiiH HMeiOT MHoroHHCjiennbie MOflHfJjHKaiiHH. AbTopoM 
npefljio>KeHa yflo6Haa KjiaccH4)HKaLi,Ha nx pasjinnnbix BapnanTOB. OnepaTopbi 
ByniMana-Bpflenii nepBoro pofla coflepacaT aflpa, Bbipa:?Kaioni,Heca lepes 4)yHKii,im 
JTe»canflpa nepBoro pofla. Hx npeflejiBHbiM cjiynaeM aBjiaiOTca onepaTopbi nyjieBoro 
nopaflKa rjiaflKOCTH, iirparomiie BajKnyio pojib b paajiiiHHbix npHjiojKeniiax. Onepa- 
Topbi ByniMana-Bpflenii BToporo pofla coflepscaT a^pa, BbipajKaioniiieca nepes 4>yHK- 
ii,HH JleacaHflpa Bxoporo pofla. KoMSiinaiiHa onepaTopoB nepBoro n BToporo poflOB 
npHBOflHT K onepaTopaM ByniMaHa-BpfleiiH TpeTbero po^a. Hpii cneiinajibnoM Bbi5o- 
pe napaMeTpoB ohh CBOflaTca k yHHTapHbiM onepaTopaM npeoGpasoBannaM, KOTopbie 
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aBTop HasBaji yHHTapHbiMH onepaTopaMH npeo6pa30BaHHa CoHHHa-KaTpaxoBa h 
IlyaccoHa-KaTpaxoBa, b necTb B.B. KaTpaxoBa, HaHaBinero hx HsyneHHe. 
HsyneHHe paapeniHMOCTH h o6paTHMOCTH flannbix onepaTopoB 6buio HanaTO b 1960- 
X roflax B pa6oTax P. ByniMana a A. BpfleiiH [22]-[25]. OnepaTopti ByniMana- 
BpfleiiH HjiH HX anajiorH HsynajiHCb TaK>Ke b pa6oTax T.P. Higgins, Ta Li, 
E.R.Love, G.M. HabibuUah, K.N. Srivastava, ^hhb Xoanr Ahb, B.H. CMMpnoBa, 
H.A. BapMCHKO, H. OeflOTOBoii, A.A. KHji6aca, O.B. Ckopomhhk h flp. FIpH stom 
HsynajiHCb sa^aHH o pemeHHH HHTerpajibHbix ypaBHeHHit c sthmh onepaTopaMH, hx 
4)aKTopH3aD,HH H o6pam,CHHa. OcHOBHbie peayjibTaTbi yKaaaHHoro nepnofla hsjiojkc- 
Hbi B MOHorpa4)HH [26], xoTa cjiyiaii BbiSpannbix naiviH npeflejiOB HHTcrpHpoBaHHs 
CMHTaeTca TaM oco6biM h He paccMaTpHBacTca, 3a HCKjiroMCHHeM oflHoro Ha6opa 
4)opMyji KOMno3Hn,HH, HCKOTopbie peayjibTaTbi fljia oco6oro Bbi6opa npeflejiOB 6bijiH 
flo6aBjieHbi B anrjiHiicKoe pacmnpeHHoe HSflaHne MOHorpacJjHH [26]. 
HanSojiee nojiHoe HsyneHHe onepaTopoB ByniMaHa-BpfleiiH na nam Bsrjiafl 6bijio 
HpoBBfleHO B pa6oTax aBTopa b 1980-1990-e roflbi ]29]-]32], h saTCM npoflojiace- 
HO B ]27]-]40] H pafle flpyrnx pa6oT. Dpn stom Heo6xoflHMO OTMeTHTb, hto pojib 
onepaTopoB ByniMaHa-BpfleiiH KaK OH flo pa6oT ]29]-]32] BOo6ni,e panee nnrfle ne 
OTMeiajiacb h ne paccMaTpnBajiacb. 

lis pa6oT, B KOTopbix Hsyi^ajiHCb onepaTopbi BymMana-BpfleHH KaK HHTerpajibHbie 
onepaTopbi, OTMeTHM pa6oTbi H.A. BnpieHKO, A.A. KHji6aca h hx yneHHKOB. TaK b 
pa6oTax A.A. KnjiGaca h O.B. Ckopomhhk ]41]-]42] paccMaTpnBaeTca fleitcTBHe one- 
paTopoB ByniMana-BpfleHH b bccobbix HpocTpancTBax JTe6era, a TaKJKe MHoroMep- 
Hbie o6o6n],eHHa b BHfle HHTerpajiOB ho HHpaMHflajibHbiM o6jiacTaM. B MOHorpa4)HH 
H.A. BnpneHKO h H. OeflOTOBoit ]43] BBO^aTca neKOTopbie o6o6m,eHHa CTanflapT- 
Hbix (J)yHKn,HH JlejKaHflpa, a saTCM paccMaTpHBaroTca HaHOMHHaK)ni,He onepaTopbi 
ByniMaHa-BpfleiiH, ho ne coflepjKamHe hx KaK ^^acTHbie cjiyian, HHTerpajibHbie 
onepaTopbi c BBe^enHbiMH 4>yHKH,HaMH b aflpax na Bceii HOjio>KHTejibHOH HOjiyocH 
(onepaTopbi ByniMaHa-BpfleiiH onpeflejienbi na nacTH HOjio^KHTejibHoii HOjiyocn). 
BajKHOCTb onepaTopoB ByniMaHa-BpfleiiH bo MHoroM oSycjiOBjieHa hx mhofohhc- 
jieHHbiMH HpHjiojKeHHaMH. HaHpHMep, OHH BCTpenaiOTca b cjieflyiomHx Bonpocax 
TeopHH ypaBHeHHH c MacTHbiMH HpoH3BOflHbiMH: HpH penieHHH safla^H ^HpHXJie 
fljia ypaBHenna 3Hjiepa-nyaccoHa-^ap6y b neTBepTH hjiockocth h ycTanoBjieKHH 
cooTHonieHHii MejK^y SHa^eHHaMH pemeHHii ypaBHenna 3Hjiepa-nyaccoHa-^ap6y 
Ha MHorooSpasHH na^iajibHbix ^annbix h xapaKTepncTHKe, TeopHH Hpeo6pa30BaHHa 
Paflona, TaK KaK b CHjiy pesyjibTaTOB JTioflBHra fleiicTBHe HpeoSpasoBanna Paflona 
HpH paajiojKeHHH ho c4>epHHecKHM rapMOHHKaM CBOflHTca KaK pas k onepaTopaM 
ByniMana-SpfleHH ho paflHajibHoii HepeMeHHoit, npn HCCjieflOBanHH KpaeBbix saflaH 
fljia pasjiHMHbix ypaBHeHHit c cymecTBennbiMH oco6eHHOCTaMH BnyTpn o6jiacTH, 
flOKasaTejibCTBy BjiojKeHHa HpocTpancTB H.A. KHnpnaHOBa b BecoBbie npocTpan- 
CTBa C.JT. Co6ojieBa, ycTanoBjieHHio CBaseii Me>Kfly onepaTopaMH Hpeo6pa30BaHHa h 
BOjiHOBbiMH OnepaTopaMH Teopnn pacceanna, o6o6in,eHHio KJiaccHnecKHx nnTerpajib- 
Hbix npeflCTaBjiennii Connna n Hyaccona n onepaTopoB npeo6pa30BaHna Connna- 
Hyaccona-^ejibcapTa. 



7 

OnepaTopbi npeoGpaaoBanna ByniMaHa-Bpfleiin nepBoro pofla. 



7.1 OnepaTopBi npeo6pa30BaHHa CoHHHa-nyaccoHa-^ejibcapTa. 
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PaccMOTpHM, HaBepHoe, caMBiit HSBecTHbiii Kjiacc Oil, cnjieTaH3in,Hx /],h4)4)Cpchli,h- 
ajibHBiit onepaTop Beccejia co BTopoit npoHaBOflHoit: 

T{By)f^(D^)Tf,By^D^ + ^^^D,D^^^,veC. (4) 



Definition 2. OIT HyaccoHa nasBiBaeTca BBipasceHne 



Pvf^ 



1 







on CoHHHa HasBieaeTca BBipasceHne 

2^+2 d 



x^-t^y ^f{t)dt,Rev> . (5) 



Svf- 



v) dx 



x2-f2j " 't^''+^f{t)dt,Rev<^. (6) 



OnepaTopBi (5)-(6) fleitcTByiOT KaK Oil no 4>opMyjiaM 

SvBv^ D^Sv , PyD^ =ByPy. (7) 

Hx MOJKHO floonpeflejiHTB na Bce anaHenna v £ C HcTopnHecKH 6ojiee tohho nasBi- 
BaTB BBCflenHBie onepaTopBi HMenaMH CoHHHa-nyaccoHa-/^ejiBcapTa. BojiBmnncTBO 
MaTeMaTHKOB yanajiH o6 sthx onepaTopax h3 CTaTBH B.M. JleBHTaHa [8]. 
Ba>KHBiM o6o6m,eHHeM onepaTopoB CoHnna-nyaccoHa-^ejiBcapTa aBjiaroxca Oil 
fljia rHnep6eccejieBBix 4>yHKn,Hii. Teopna TaKHx 4>yHKn,Hii 6Bijia nepBOHanajiBno sa- 
jiojKena b pa6oTax KyMMepa n /Jejiepio. Ilojinoe nccjieflOBanne rnnepBeccejieBBix 
4>yHKn,Hit, flHfJxJ'speHu.HajiBHBix ypaBneHnii fljia hhx h cooTBeTCTByion^Hx onepa- 
TopoB npeo6pa30BaHHa 6bijio ncnepnBiBarome npoBefleno b pa6oTax H. ^hmobckh 
H ero ynenHKOB [10]. CooTBCTCTByromne Oil nojiynnjiH b jiHTepaType nasBanna 
on CoHHHa-/^HMOBCKH H nyaccoHa-^HMOBCKH, OHH TaK>Ke H3yHajiHCb B pa6oTax 
yHeHHn,bi n./I^HMOBCKH — B. KnpaKOBoii [11]. B Teopnn rHnep6eccejieBbix 4>yHKn,Hii, 
flHfJxJ'speHn.HajibHbix ypaBHennii n onepaTopoB npeo6pa30BaHHa fljia hhx H,eHTpajib- 
Hyio pojib HrpaeT snaMenHToe HHTerpajibHoe npeo6pa30BaHHe 06peniKOBa, BBeflen- 
Hoe 6ojirapcKHM MaTeMaTHKOM n. OSpeniKOBbiM ]11]. 3to npeo6pa30BaHHe, a^po 
KOToporo BbipajKaeTca b o6n];eM cjiynae nepes G-4)yHKn,Hio Maiiepa, aBjiaeTca ofl- 
HOBpeMenHbiM o6o6m,eHHeM npeoSpasoBannii JIanjiaca, Mejijinna, cnnyc- n Kocnnyc 
npeo6pa30BaHHH Oypbe, XanKejia, Maiiepa h flpyrnx KjiaccHMecKHx HHTerpajibnbix 
npeo6pa30BaHHii. Pasjinnnbie cjsopMbi rHnep6eccejieBbix 4)yHKn,Hii, /];H4)4)epeHn;Hajib- 
Hbix ypaBHeHHii n onepaTopoB npeo6pa30BaHHii fljia hhx, a TaK>Ke nacTHbie cjiynan 
Hpeo6pa30BaHHa 06peHiKOBa MHoroKpaTno BnocjieflCTBHH nepeoTKpbiBajincb, stot 
Hpon,ecc npoflOjiacaeTca h flo nacToamero BpeMenn. no MHennio aBTopa, npeo6pa30Ba- 
HHB 05peinKOBa, napa^y c npeo6pa30BaHHaMH Oypbe, Mejijinna, JIanjiaca, CTanKO- 
BHi^a OTHOCHTca K He6ojibinoMy MHCJiy cjaynflaMenTajibKbix npeo6pa30BaHHii AHajiH3a, 
H3 KOTopbix, KaK H3 KHpnHMHKOB, CKjiaflbiBaMTca MHOFHe flpyme npeo6pa30BaHHa, 
a TaKJKe ocnoBaHHbie na hhx KOHCTpyKu;HH h npHjiojKenHa. 

7.2 Onpe/],ejieHHa h ocHOBHbie CBOiicTBa. 

Tenepb nepeiifleM k onncanHK) ochobhbix cboijctb onepaTopoB npeo6pa30BaHHa 
ByniMana-BpfleiiH. 9to Kjiacc On, KOTopbiii npn onpeflejiennoM Bbi6ope napaMCTpoB 
aBjiaeTca oflHOBpeMenHbiM o6o6iii,eHHeM On Cn^ n nx conpa>KeHHbix, onepaTopoB 
flpo6Horo HHTerpoflH4)4)epeHu,HpoBaHHa PHMaHa-JInyBHjijia n 3p/],eiiH-Ko6epa, a 
TaKJKe HHTerpajibHbix npeoSpasoBannii Mejiepa-OoKa. 
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Definition 3. OnepaTopaMH ByniMaHa-9p/],eitH nepBoro pofla naaBiBaiOTca hhtg- 
rpajiBHBie onepaTopBi 









B^J^f-- 



£V,M^^ 



Pt{-^fif)dt, 



t^-x^ 



f{t)dt, 



f{t)dt, 



t^-x'V^rU"-)mdt. 



(8) 

(9) 
(10) 

(11) 



SflecB Pv{z) — (J)yHKi],Ha JTejKanflpa nepBoro pofla, Pv(z) — xa ace 4>yHKn,Ha na paapese 
— 1 ^ f ^ 1, f{x) — jiOKajiBHO cyMMHpyeMaa (J'yHKn.na, yflOBjiBTBOparomaa HCKOTopbiM 
orpaHHHeHHaM na pocT npn x — > 0,x — > oo. IlapaMeTpBi /i,v — KOMnjieKCHBie nncjia, 
Re/i < 1, MOJKHO orpaHHHHTBca SHaieHHaMH Rev ^ ^1/2- 

HpHBefleM ocHOBHBie peayjiBTaTBi, b ochobhom cjieflya b H3jio>KeHHH [29], [32], a TaK»ce 
J7], [27]. Bee paccMOTpeHna BCflyTca HHace na nojiyocH. HosTOMy Sy^eM oSosHanaTb 
lepes L2 npocTpancTBO L2(0,°o) h L2i secoBoe npocTpancTBO L2i(0, °o) co CTenenHbiM 

BeCOM H HOpMOit 



|/(x)|V*+'dx 



(12) 







N o6o3Ha^iaeT mhosccctbo naTypajibHBix, No-HeoTpHn;aTejibHBix n;ejiBix, Z-n,ejiBix n 

R-fleitCTBHTejIBHBIX HHCejI. 

BnaHajie pacnpocTpanHM onpeflejienHe 3 na cjiynaii anaHeHHa napaMCTpa /l = 1. 
Definition 4. BBe^eM npn /i = 1 onepaTopbi ByniMaHa-BpfleiiH nyjieBoro nopaflxa 
rjiaflKOCTH no (JjopMyjiaM 



f,v.lr_ d 



Py[-]f{t)dt, 



</= 











sr'V = 



Pv 



:)< 



dm 

dt 



\dt. 



£!•'/ = (- 



dx 



PA-)f{t)dt, 



(13) 
(14) 
(15) 
(16) 



rfle Pv{z) —Py{z) — 4)yHKu;Ha JlescaHflpa. 

Tlieoreni 25. CnpaBefljiHBbi cjieflyion],He 4)opMyjiBi 4)aKTopH3an,HH onepaTopoB 
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ByniMaHa-BpfleiiH na noflxoflain,Hx 4)yHKD;Hax lepea flpo6HBie HHTerpajiBi PHMana- 
JlHyBHjijia H ByniMaHa-SpfleiiH nyjieBoro nopaflKa rjiaflKOCTH: 

Bltf = ll/ iSl+f, B'_:^f = ,Pl ll-^f, (17) 

E'off = iP^+ ll/f, E'j^f = t-^ iSlf. (18) 

3th 4)opMyjiBi no3BOjiaiOT "pasflejiHTB" napaMCTpBi v h /I. Mbi flOKajKCM, mto 
onepaTopBi (13)- (16) aBjiaroxca H30Mop4)H3MaMH npocTpancTB L2(0,oo), ecjiH v 
He paBHO HeKOTopBiM HCKjiiOHHTejiBHBiM BHaHCHHaM. HosTOMy onepaTopBi (8)- 
(11) no fleiiCTBHK) b npocTpancTBax THna L2 b onpeflejieHHOM cmbicjic noflo6HBi 
onepaTopaM flpoSnoro HHTerpoflHCJjcjjeHii.HpoBaHHa I ^^ , c kotopbimh ohh coBnaflaroT 
npH V = 0. TJajiee onepaTopBi ByniMaHa-BpfleiiH 6yflyT floonpeflejienBi npH Bcex 
SHaneHHax fj.. 

Hcxofla H3 SToro, BBe^eM cjieflyiomee 

Definition 5. Hncjio p = 1 — Re ^ naaoBeM nopaflKOM rjia^KOCTH onepaTopoB 
ByniMaHa-9pfleiiH (8)- (11). 

TaKHM o6pa30M, npn p > (to bctb npn Re ^ > 1) onepaTopBi ByniMaHa-BpfleiiH 
aBjiaMTCa crjia>KHBaK)ni,HMH, a npn p < (to bctb npn Re ^ < 1) yMeHBniaioni,HMH 
rjiaflKOCTB B npocTpancTBax Tnna L2(0,oo). OnepaTopBi (13)- (16), fljia kotopbix 
p = 0, aBjiaiOTCa no flannOMy onpeflejiennio onepaTopaMH nyjieBOro nopaflKa rjiafl- 

KOCTH. 

nepeHHCjiHM ocHOBHBie CBoitcTBa onepaTopoB BymMaHa-9pflei4H nepBoro pofla 
(8)- (11) c 4>yHKn,Heii Jlescanflpa I pofla b aflpe. HpH nexoTopBix cnen,HajiBHBix sna- 
Hennax napaMeTpoB v, /l onepaTopBi ByniMana-BpfleJiH CBO^aTca k 6ojiee npocTBiM. 
TaK npn snaHennax /X = — V njin /X = V + 2 ohh aBjiaroTCa onepaTopaMH BpfleiiH- 
Ko6epa; npn v = onepaTopaMH flpo6Horo HHTerpoflH4)4)6penn,HpoBanHa /g , hjih 
/_ ; npn V — —jj M = njiii M = 1 aflpa BBipascaiOTca nepes sjijinnTHMecKne HHTe- 
rpajiBi; npn fl = 0, x = 1, v = it — 2 onepaTop 6_' jinniB na nocTOannyio OTjinnaeTCa 
OT npeo6pa30BanHa Mejiepa-OoKa. 

ByfleM paccMaTpHBaTB napafly c onepaTopoM Beccejia TaK»ce Tecno CBasannBiii c 
HHM flHfJxJ'spenn.HajiBnBiH onepaTop 

2 v(v + 1) f d v\ ( d V 



y? \dx X ) \dx X ) ^ 

KOTopBiit npn V £ N aBjiaeTCa onepaTopoM yrjiOBOro MOMenTa h3 KBanTOBOii Mcxann- 
KH. Hx BsaHMOCBasB ycTanaBjiHBaeT 

Theorem 26. IlycTB napa Oil Xy-Yy cnjieTaiOT Ly h BTopyio npoHSBOflnyio: 

XyLv = D^XvJvD^ = LvYv (20) 

BBeflBM HOByio napy OH no 4>opMyjiaM 

5v =X,_i/2X^+l/2,/'v =x-(^+V2)y,_i/2- (21) 

Torfla napa hobbix OH Sv,Pv cnjieTaiOT onepaTop Beccejia n BTopyro nponsBOflnyro: 

SvBv ^D^Sv, PvD^ =BvPv (22) 



Theorem 27. IlycTB Ren ^l. Tor^a onepaTop Bq'^ aBjiaeTca onepaTopoM npeo6pa- 
soBanna Tnna Connna n yflOBjieTBopaeT na noflxoflaiu,HX 4>yHKn;Hax cooTHOmeHHio 

(20). 
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AHajiorHHHbiii peayjibTaT cnpaeefljiHE h fljia flpyrnx onepaTopoB ByniMaHa-BpfleiiH. 
Ylpa 3TOM EJ TaKJKe aBjiaeTca onepaxopoM xHna CoHHHa, a ^qI h BJ - onepa- 
TopaMH THna HyaccoHa. 

Tenepb cflejiaeM eajKHoe aaMenaHHe. Ms npHBefleHHoit TeopeMbi cjieflyeT, hto OIT 
ByniMaHa-BpfleiiH CBasbiearoT co6cTBeHHbie 4)yHKD;HH onepaTopoB Beccejia h bto- 
poit npoHSBOflHoii. TaKHM o6pa30M, nojiOBHHa OH ByniMaHa-BpfleiiH nepeBOflaT 

TpHrOHOMCTpHHeCKHe HJIH 3KCnOHeHLI,HajIbHbie 4)yHKD;HH B npHBefleHHbie 4)yHKLl,HH 

Beccejia, a flpyraa nojiOBHHa Hao6opoT. 9th cjjopMyjibi sflecb ne npHBOflaTca, hx 
HeTpyflHO BbiHHcaTb aBHO. Bee ohh aBjiaiOTca o6o6meHHaMH hcxoahbix (JjopMyji 
CoHHHa H DyaccoHa a npeflCTaBjiaroT cymecTBenHbiii HHTepec. Eme paa OTMeTHM, 
MTO noflo6Hbie 4>opMyjibi aBjiaiOTca HenocpeflCTBeHHbiMH cjieflCTBHaMH flOKasanHbix 
cnjieTaiomHx cbohctb OH ByniMaHa-BpfleiiH, h MoryT 6biTb nenocpeflCTBeHHO npo- 
BepeHbi npH noMomH TaSjiHii, HHTerpajiOB ot cneD;HajibHbix 4)yHKii,HH. 
IlepeiifleM k Bonpocy o paajiHHHbix 4)aKTopH3aD;Hax onepaxopoB BymMaHa-BpfleiiH 
Hepes onepaTopbi 9pfleHH-Ko6epa h flpo6Hbie HHTerpajibi PHMana-JTHyBHjijia. 
HpHBefleM CHHCOK ocHOBHbix onepaTopoB flpo6Horo HHTerpoflH4)4)epeHLi,HpoBaHHa: 
PHMana-JTHyBHjijia, 9pfleHH-Ko6epa, flpo6Horo HHierpajia no npoHSBOjibHoit 4)yHK- 

II,HH g{x), CM. [26] 



'Q+jcJ ' 



r(«) 



{x-tY-'f{t)dt, 



(23) 



/"x/ = 



ra 



{t-xY-'f{t)dt, 



^+,2.jj/ — 



1".2.J = 



2^-2(a+r]) 



2x2') 



2''!-' " r(c 



(x2-f2)""'?2'' + V(0rf^ 



(24) 



(f2-x2) rl-2(«+'))/(0d^ 



/" f — 



(g(x)-^(f))"-'g'(f)/(0'^', 



(25) 



^-V = 



ra 



{8{t)-g{x)r-'g'{t)f{t)dt, 



BO Bcex cjiynaax npcflnojiaracTca, hto Re O! > 0, na ocTaBniHeca SHaneHHa a 4)opMy- 
jibi TaK>Ke 6e3 Tpyfla npoflOjiscaiOTca [26]. IlpH stom oSbiHHbie flpoSnbie HHTerpajibi 
nojiynaiOTca npn Bbi6ope b (25) g{x) = x, 3pfleHH-Ko6epa npn g(x) =jr, A^aMapa 
npH g[x) = Inx. 



Theorem 28. CnpaBefljiHBbi cjieflyiomne cJaopMynbi 4)aKTopH3aii,HH onepaTopoB 
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ByniMaHa-BpfleiiH nepBoro pofla nepes onepaTopBi flpo6Horo HHTerpoflH4)4)epeHLi,H- 
poeaHHa h 9pfleHH-Ko6epa: 

„v.M _ ,v+l-M,-(v+l) /2\ 



X 

2) 0+;2,-i^0+ . l^'^J 

Br■''=f^)'^^_t+l\/r''+^ (28) 



E'_'^=d'+^'h'_^\,[^y^\ (29) 

HacTHBiMH cjiynaaMH BBeflenHBix onepaTopoB aBjiaroxca h onpoflejieHHBie BBiine 

onepaTopBi npeo6pa30BaHHa CoHHHa-IIyaccoHa-T^ejiBcapTa. 

TenepB paccMOTpHM 6ojiee noflpo6HO CBoiicTBa Oil ByniMaHa-BpfleiiH nyjieBoro 

nopaflKa rjiaflKOCTH, BBefleHHBix no (J'opMyjiaM (13). noflo6HBiii hm onepaTop 6biji 

nocTpoen B.B. KaTpaxoBBiM nyTCM flOMHOJKeHHa cxaHflapTHoro Oil CoHHaa na 

o6bihhbih flpo6HBiH HHTerpaji c Li;ejiBH3 BsaHMHO KOMnencHpoBaTB rjiaflKOCTB sthx 

flByx onepaTopoB h nojiyMHTB hobbih, KOTopBiii 6bi fleiicTBOBaji b oahom npocTpan- 

CTBe THna L2(0,°°)- 

HanoMHHM [44], hto npeo6pa30BaHHeM MejijiHHa 4)yHKi],HH f{x) naaBiBaeTca cjayHK- 

ufia g{s), KOTopaa onpeflejiaeTCa no (JjopMyjie 



g(s)=Mf{s 
OnpeflejiHM TaKJKe CBepTKy Mejijinna 

(/l*/2)(x) = 



x'-^f{x)dx. (30) 



/i(^]/2()')^, (31) 



npn 3TOM onepaTop CBepTKH c aflpoM K flcitcTByeT b o6pa3ax npeo6pa30BaHHa 
MejijiHHa KaK yMHoaceHHe na MyjiBTnnjiHKaTop 



MAf{s) 



K[-]f{y)'^=MK* f{s) = mA {s)Mf{s) , (32) 



mA{s)^MK{s). 

SaMeTHM, MTO npeo6pa30BaHHe Mejijinna aBjiaexca o6o6meHHBiM npeo6pa30BaHHeM 
OypBe Ha nojiyocH no Mepe Xaapa -^ [52]. Ero pojiB Bejinxa b Teopnn cnen,HajiBHBix 
4>yHKn;HJt, nanpnMep, raMMa-4>ynKn,Ha aBjiaeTca npeo6pa30BaHHeM Mejijinna 9Kcno- 
nenTBi. C npeoSpasoBanneM Mejijinna CBasan BajKHBiit npopBiB b 1970-x roflax, Kor^a 
B ocHOBnoM ycHjinaMH O.H. MapnMeBa 6Bijia nojinocTBio flOKasana n npncnocoGjieHa 
fljia nyjKfl BBinncjienna HHTerpajiOB nSBecTnaa TeopeMa Jl,.Jl. CjieiiTep, nosBOjiaio- 
maa fljia 6ojiBmHncTBa o6pa30B npeo6pa30BaHHH Mejijinna BOCcxanoBHTB opHrnnaji b 
aBHOM BHfle no npocTOMy ajiropHTMy Mepes rnnepreoMeTpHHecKne 4)ynKn;HH ]44] . 3Ta 
TeopeMa CTajia ochoboh ynnBepcajiBnoro Momnoro MeTO^a BbinHCjienna nnTerpajiOB, 
KOTopBiit no3BOJiHji peniHTfc MHorne 3atZ;aMH b Teopnn /],H4)4)epeHn;HajiBHBix n nnTe- 
rpajiBnbix ypaBnennit, a TaKJKe BOnjiOTnjrca b nepeflOBBie Texnojiornn cnMBOjiBnoro 
nnTerpnpoBanna naKCTa MATHEMATICA 4)npMbi Wolfram Research. 

Theorem 29. OnepaTop ByniMana-Bpflenn nyjieBoro nopaflxa rjiaflKOCTn Sq' , onpe- 
flejiennBiit no cjsopMyjie (13), flencxByeT b o6pa3ax npeo6pa30BanHa Mejijinna KaK 
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CBepTKa 32 c MyjiBTHnjiHKaTopoM 

,, r(-.s-/2+^ + i)r(-V2-^ + i/2) 
'"(■^■) = r(i/2-f)r(i-f) (^^) 

npH ycjiOBHH Re5 < min(2 + Re V, 1 — Re v). ^Jia ero HopMBi, KOTopaa aBjiacTca 
nepHOflHHecKoit 4)yHKD;HeH no v, cnpaBefljiHBa 4)opMyjia 

||dV,1|| _ [ (nA\ 

" o+"^^"min(l,Vl-sin;rv)- ^ ' 

OnepaTop orpanHHen b L2{0.°°) npn V 7^ 2fc+ 1/2, k e Z h HeorpanHHen npn bbihoji- 
HeHHH ycjiOBHa V = 2A;+ 1/2, fc £ Z. 

9Ta TeopeMa aBjiaeTca ochobhoh b pa6oTe, nosTOMy flaflHM ee nojiHoe flOKasaTejiB- 

CTBO. 

1. BnaHajie flOKasccM 4)opMyjiy (33) c Hy>KHBiM MyjiBTHnjiHKaTopoM. McnojiBsya 
nocjieflOBaTejiBHO 4)opMyjiBi (7), c. 130, (2) c. 129, (4) c. 130 h3 [44], nojiyHHM 



M«)W^^M 



,0 



n{--i)Pv{-)}{yf{y)}'^ 
y y ) y 



(.-1) 



[^M [{x^ - 1)+V«(x)] (,v- 1)M [/] (.v). 



_ r(2- 
"f( , 

rfle HcnojiB30BaHBi oSoaHaneHHa h3 [44] fljia 4)yHKLi,HH XeBHcaitfla h yceHenHoii 
CTeneHHoit 4>yHKLi,HH 

x",ecjiHx^O , , ri,ecjiHx^O 

0, ecjiH X < ' W — -^+ ~ 1 0, ecjiH x < 0. 

^ajiee, HcnojiBsya 4)opMyjiBi 14(1) c. 234 h 4 c. 130 h3 ]44], nojiynaeM 

Mu. n u„,.^.,.,.._r(^ + !-.Or(-|-,s.) 



■[(x-l)+"pO(V^)l(.s-) = 

L^ ' vvv ;j V 7 r(i-.v)r(^-.s-) 

M[(x2-l) + OpO(^)J(^,_l)^l 



1 r(Ki-¥)r(-^-¥; 



r(i-^)r(i-^) 
^1 r(-§ + ^ + i)r(-§-^ + ^) 
2 r(-f + |)r(-f + i) 

npH ycjiOBHax Re^ < min(2 + Rev, 1 —Rev). OTCiOfla bbibo^hm 4)opMyjiy fljia MyjiB- 

THHJIHKaTOpa 

M«-')(.) = l.^P~^;.r(-I + ^)r(-i + i). 

^ o+A ; 2 r(l-i) ^ 2 2^^ 2 ^ 
npHMenaa k r(2 — s) (JsopMyjiy JlejKanflpa yflBoeHHa apryMeHTa raMMa-4)yHKLi,HH 
(cm., HanpHMep, ]45]), nojiyMHM 

v.lw..^_2-' r(-§ + | + i)r(-§-| + i) 



M(So+)(^- 



/H T{\-s) 

Eme oflHO npHMeneHHe (JjopMyjiBi yflBoeHHa Jlescanflpa k r( 1 — .v) npHBOflHT k HyacHoii 
4)opMyjie fljia MyjiBTHnjiHKaTopa (33). 

B pa6oTe ]29] noKasaHO, hto aa chbt paccMOTpenHa noflxoflamnx 4>aKTopH3aLi,HH, 
ycjiOBHa cnpaBefljiHBOCTH flOKaaaHHoit 4)opMyjiBi, KOTopBic aB.naiOTca BaBBimcHHBiMH, 
TaK KaK BBiBOflHjiHCB cpasy fljia Bcero Kjiacca o6o6meHHBix rHnepreoMexpHHecKHx 
4)yHKLi;HH Faycca, mojkho hbckojibko pacmnpHTB. B nacTHOCTH, b HyjKHOM naM 
KOHKpeTHOM cjiy^ae a^pa c cjayHKitHeJi JlejKanflpa 4)opMyjia fljia MyjiBTHnjiHKaTopa 
cnpaBefljiHBa npH ycjiOBHax < Re.s < 1 npH Bcex SHaneHHax napaMeipa v. 
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TRANSMUTATIONS AND APPLICATIONS 



2. Tenepb ycTanoEHM cjaopMyjiy fljia HopMbi (34). Ms HaitfleHHoit cjaopMyjibi fljia 
MyjibTHnjiHKaTopa b CHjiy TCopeMbi 4.7 h3 [7] nojiynaeM na npaMoit Re.v = 1/2, .s' = 
= m+l/2 



\M{B-:l){iu+l/2)\ 



1 

Ik 



n\ 



^ajiee 6yfleM onycKaxb y MyjibTHnjiHKaTopa yKasanHe na nopojKflaromHit ero onepa- 
Top. McnojibsyeM 4)opMyjiy fljia MOflyjia KOMnjieKCHOro HHCjia |z| = \/iI h TOJKflecTBO 
fljia raMMa-4)yHKLi,HH r(z) = r(z) , BbiTeKaiomee h3 ee onpeflejieHHa b bh^g HHxerpajia. 
IIocjieflHee paBencTBO cnpaBefljiHBO fljia Kjiacca TaK nasbiBaeMbix BemecTBeHHO- 
anajiHTHMecKHX 4>yHKn,HH, k KOTopoMy OTHOCHTCa H raMMa-4)yHKLi,Ha. Torfla nojiy- 

MHM 



|M(b;;')(/m+ 1/2)1 = 



1 



/2;r 



r{-q- 



-imi 



n,' 



- !M)r( 



B HHCjiHTejie oSTjeflHHHM KpaiiHHe h cpeflHHe coMHO>KHTejiH, H TpH oSpasoBaBiuHeca 
napbi raMMa-4)yHKLi,Hii npeo6pa3yeM no HSBecTHoii 4)opMyjic (cm. [45]) 



r(-+z)r(--z) 



cos;rz 



B peayjibTaTe nojiyHHM 



-,vj 



|M(Bo';')(/«+ 1/2)1 = 



2cos:?r(| + I +;|)cos;r(^ + I - i'f ) 



ch [Tliu) 



chKu— sin;rv 

T^ajiee o6o3HaHHM f = ch 7tu, 1 i^t <oo, Oxcrofla, npHMcnaa onaxb ycjiOBne h3 TeopeMbi 
4.7 [7], nojiynaeM 



sup\m{iu-\ — )| 



sup 



DosTOMy, ecjiH sin;rv ^ 0, to cynpcMyM floCTHracTca npH ? = 1, h cnpaBCfljiHBa 
4)opMyjia (34) fljia HopMbi 

1 



B. 



V,l|| 
0+ 11^2 



VT- 



- sin ny 
EcjiH >Ke sin;rv ^ 0, to cynpeiviyM floCTHracTca npH f ^ oo, h cnpaBefljiHBa 4)opMyjia 



IIS, 



V,l| 



1. 



'0+ Ili2 

3Ta MacTb TeopeMbi flOKasaHa. 

3. YcjiOBHa orpaKHHCHHOCTH HjiH HeorpaHHHeHHOCTH cjieflyiOT H3 HaitfleHHoit 4)opMy- 

jibi fljia HopMbi H ycjiOBHit npoiiHTHpoBaHHoii TeopeMbi 4.7. nepHOflniHOCTb HopMbi 

no napaMCTpy V OHCBiiflHa ii3 HaitfleHHoro aBHoro BbipajKCHiia fljia HopMbi. 

TeopcMa nojiHOCTbio flOKa3aHa. 

DpiiBefleM 4)opMyjibi fljia MyjibTirajiiiKaTopoB Bcex onepaTopoB BymMaHa-BpfleiiH 

HyjiCBOro nopaflKa rjiaflKOCTH. 



Theorem 30. OnepaTopbi ByniMaHa-SpfleJiH nyjieBoro nopa^Ka rjiajZiKOCTH fleJicTBy- 
lOT B o6pa3ax npeo6pa30BaHHa MejijiHna KaK cbbptkh no (JjopMyjie (32). /l^Jia hx 
MyjibTunjiHKaTopoB cnpaBefljiHBbi 4)opMyjibi: 
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r(-j + ^ + i)r(-f-^ + i) 

m, ev [s) = ; =; (60) 

' °+ r(^-§)r(i-§) ^ ^ 



-f + ^)r(-f + ^ + i) 



r(i-.s 



,Res < mm{2 + Rev, 1-Rev); 



r(i §)r(i- 



'"' n-i + i + m-i-2^2 



— , Res< 1; (36) 



r( f + f + i)r(§- ^^ 
r(4)r(^^i^ 



m,nv(.s) = ^i ^^ --4 ^.Res>max(ReV,-l-Rev)- (37) 

-(f)r(f+i) ' ^ ' 



„ . (,) = — nmj+k) — ^^^. > (38) 

''-" r(§ + f+i)r(f-f)' ^ ^ 

CnpaBefljiHBBi cjieflyiomHe 4)opMyjiBi fljia HopM onepaTopoB ByniMaHa-BpfleiiH ny- 
jieBOro nopaflKa rjiaflKOCTH b L2: 



Ii5^+|| = lliP^II = l/min(l,Vl-sin;rv), (39) 



lli^o+ll = lli^S-ll =max(l,Vl-sin;rv). (40) 

AHajiorHHHBie pesyjiBTaTBi nojiyneHBi b [27]-[29] h fljia npocTpancTB co CTenenHBiM 

BeCOM. 

CjieflCTBHe 1. HopMBi onepaTopoB (13) - (16) nepHOflHHHBi no v c nepHOflOM 2, to 

ecTB ||X^|| — ||X^+ II, rfle X'^ — jik)6oh h3 onepaTopoB (13) - (16). 

CjieflCTBHe 2. HopMBi onepaTopoB iSq,, jPZ ne orpanHMenBi b coBOKynnocTH no 

V, KajKflaa h3 sthx HopM ne MCHBine 1. Ecjih sin;rv ^ 0, to sth hopmbi paBHBi 1. 

YKasaHKBie onepaTopBi HeorpanHHeHBi b L2 Torfla h tojibko Torfla, Kor^a sin;rv — 1 

(hjih v = (2A;) + 1/2, keZ). 

CjieflCTBHe 3. HopMBi onepaTopoB \Pq,, i5^ orpanHHeHBi b coBOKynnocTH no v, 

KajKfla;a h3 sthx HopM ne 6ojiBme v2- Bee sth onepaTopBi orpannHenBi b L2 npn 

Bcex V. EcjiH sin;rv ^ 0, to hx L2 - nopMa paBna 1. MaKeniviajiBHoe ananenne nopMBi, 

paBnoe v2, floCTnraeTea Torfla n tojibko Tor^a, Korfla sin;rv = — 1 (hjih v = — 1/2 + 

+ {2k), keZ). 

BajKHeiiniHM OBoiieTBOM onepaTopoB ByniMana-BpfleiiH nyjieBoro nopaflKa rjiaflKO- 

eTH aBjiaeTOa hx yHHTapnooTB npn n;ejiBix v. Otmbthm, mto npn HHTepnpeTaii,HH Ly 

KaK onepaTopa yrjiOBoro MOMenTa b KBanTOBoii MexannKe, napaMeTp v KaK paa n 

npnnHMaeT n;ejiBie HeoTpHn;aTejiBnBie ananenna. 

Theorem 31. /Jjia ynnTapnocTn b L2 onepaTopoB (13) - (16) Heo6xoflHMO n floCTa- 
TOHno, nTo6Bi nncjio V 6bijio n,ejiBiM. B stom cjiynae napBi onepaTopoB (i5q, , iPl) n 
(l5*^, iPq,) BaaHMHO o6paTnBi. 

Ilepefl 4)opMyjiHpoBKOH Oflnoro nacTHOro cjiynaa npeflnojiojKHM, nTO onepaTopBi 
(13) - (16) aa^anBi na TaKHx 4>yHKn,Hax f{x), mto BoaMOJKno b onpeflejiennax bbi- 
nojiHHTB Bnemnee flH4'4>epeHn;HpoBaHHe hjih nofl anaKOM nnTerpajia nnTerpHpoBaHne 
no nacTaM (fljia STOro flOCTaTOnno npeflnojiojKHTB, mto xfix) — >■ npn x — >■ 0) . Tor/],a 
npn V = 1 

,P^,+f=(I-H,)f, iSlf^{I-H2)f, (41) 

rfl,e Hi, H2 - onepaTopBi Xapfln, 



Hif^'- 



f(y)dy,H2f-^ 



—dy, (42) 

>' 
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/ — eflHHHMHBiit onepaTop. 

CjieflCTBHe 4. OnepaTopbi (41) sBjiaMTca yHHTapHbiMH BsaHMHO o6paTHBiMH b L2 

onepaTopaMH. Ohh cnjieTaiOT flH4)4>epeHn,HajibHBie BBipaaceHHa <fi /d)? h (fi jdx^ — 

-II x^. 

YHHTapHOCTB B L^ cflBHHyTBix onepaTopoB XapflH (41) H3BecTHa, CM. [46]. HnjKe b 

npHjio>KeHHax onHcaHBi HOBBie noflo6HBie yHHTapHBie onepaxopBi. 

^ajiee nepeHHCjiHM HCKOTopBie o6iLi,He CBoitcTBa onepaTopoB, KOTopBie fleiicTByiOT 

no 4)opMyjie (32) KaK yMHOsccHHe na HeKOTopBiii MyjiBTHnjiHKaTop b o6pa3ax 

npco6pa30BaHHa MejijiHHa h oflHOBpeMCHHO aBjiaiOTca cnjiexaiomHMH fljia BTopoii 

npoHSBOflHoit H onepaTopa yrjiOBoro MOMenTa. 

Theorem 32. IlycTB onepaTop 5v fleitcTByeT no 4>opMyjiaM (32) h (20). Tor^a 
a) ero MyjiBTHnjiHKaTop yflOBjieTBopacT 4>yHKLi,HOHajiBHOMy ypaBHeHHio 

mis) = mis - 2) ^^^^^^ 7 ; (43) 

^' ^ ^(i'-l)(.v-2)-v(v + l) ^ ' 

6) ecjiH 4)yHKLi,Ha p(s) nepHOflMnna c nepHOflOM 2 (to ecTB p{s) = p{s — 2)), to 
(JiyHKLiHa p{s)m{s) aBjiaeTca MyjiBTHnjiHKaTopoM HOBoro onepaTopa npeo6pa30BaHHa 
52, onaTB jKe cnjieTaMmero Ly a BTopyro npoHSBOflnyM no npaBHjiy (20). 
IIocjieflHaa TeopeMa eme pa3 noKasBiBacT, nacKOjiBKO nojiesHO Hsy^ienHe OH b Tep- 
MHHax MyjiBTHnjiHKaTopoB npeo6pa30BaHHa Mejijinna. 
OnpeflejiHM npeo6pa30BaHHe CTHjiTBeca (cm., nanpHMcp, [26]) no cJaopMyjie 



(5/)W 



x + t 



9tot onepaTop TaKJKe fleiicTByeT no cJjopMyjie (32) c MyjiBTnnjiHKaTopoM p{s) = 
= Tz/sin('Ks) H orpannnen b L2. OHCBHflno, mto p[s) = p{s — 2). HosTOMy h3 TCopeMBi 
32 cjieflyeT, hto KOMno3Hu,Ha npeo6pa30BaHHa CTHjiTBeca c orpannHenHBiMn cnjie- 
Taion];HMH onepaTopaMH (13)- (16) cnoBa aBjiaeTca onepaTopoM npeo6pa30BaHHeM 
Toro JKC Tnna, orpannHennBiM b L2. 

Ha 3TOM nojiyieHBi MnoroHncjiennBie noBBie aBHBie ceMciicTBa OH, aflpa KOTopBix 
BBipa>KaiOTca Hepe3 pa3jiHHHBie cnen,HajiBnBie 4)yHKu,HH. 



OnepaTopBi npeo6pa30BaHHa ByinMaHa-9pfleHH BToporo po^a. 

TenepB onpeflCjiHM n H3yMHM onepaTopBi ByniMana-BpfleiiH BToporo pofla. 
Definition 5. BBC^eM noByro napy onepaTopoB ByniMana-Bpfleitn c cl3ynKn,HaMH 
JleacaHflpa BToporo pofla b a^pe 




^2 „2^-i/^l/-^^ 



{x'-yT-'QU-)fiy)dy + 



{x^-y^)-hi{l)ny)dy- 



,.2 „2N-iol '^ 



{/-xT-'QU-)ny)dy\, (42) 



{y^-x^)-iQi{l)ny)dy\. (43) 







3th onepaTopBi aBjiaiOTCa anajioraMH onepaTopoB nepBOro pofla nyjiCBOro nopaflKa 
rjiaflKOCTH. 
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DpH J— >x±0 HHTerpajiBi noHHMaroTca b CMbicjie rjiaBHoro SHaneHHa. OxMeTHM 
6e3 flOKasaTejiBCTBa, mto sth onepaTopBi onpeflejienBi a aBjiaiOTca cnjieTaiomHMH 
npH HCKOTopBix ycjiOBHax Ha 4>yHKLi,HH f(x) (npH 3TOM onepaTop (42) Sy^eT THna 
CoHHHa, (43) — THna IlyaccoHa). 

Theorem 33. OnepaTopBi (42) - (43) HpeflCTaBHMBi b BHfle (32) c MyjiBTHnjiHKaTO- 
paMH 

m,s^{s)^p{s)m^sds), (44) 

'«2/»' {'■') = -H) '"iPl (•^)' (45) 

rfle MyjiBTHnjiHKaTopBi onepaTopoB i5-^, i-P-^ onpeflejiCHBi 4)opMyjiaMH (37) - 
(38), a 4>yHKLi,Ha p{s) (c nepnoflOM 2) paBna 

, , sin;i:v + cos;r.5 ,,^, 

p{s) = -. . (46) 

sin :;rv — sin :;ri- 

Theorem 34. CnpaBefljiiiBBi cjaopMyjiBi fljia HopM 



||25^||z„=max(l,Vl + sin;rv), (47) 

IbP^'tlL, = l/min(l,Vl + sin;rv). (48) 

CjieflCTBiie. OnepaTop 2'^^ orpaHHHen npii Bcex v. Onepaxop 2^^ He aBjiaeTca 
HenpepBiBHBiM Tor^a 11 tojibko Tor^a, Korfla sin nv = — 1 . 

Theorem 35. /Jjia yHHTapHOCTii b L2 onepaTopoB 28^ n 2^^ Heo6xofliiMO 11 floCTaTOH- 
HO, HTo6bi napaMeTp v 6biji Li,ejiBiM hhcjiom. 

Theorem 36. DycTb v = ;j8 + 1/2, j3 e R. Tor^a 

||25^||l, = \/l+ch;r/3, hP^U, = 1. (49) 



Theorem 37. CnpaBefljiiiBBi npeflCTaBjieniia 






^ f(y)dy, (50) 







2 



J.2 _ y2 



2S''f ^ 



f{y)dy. (51) 



x^ — y^ 



TaKHM o6pa30M, b stom cjiynae onepaTop 2^^ CBOflHTca k nape nsBecTHBix npeo6pa- 
soBaniiii FiijiBSepTa na nojiyocH [26]. 

fljin onepaTopoB BToporo po^a BBe^eM TaKJKe 6ojiee o6n],He anajiorH onepaTopoB npe- 
o6pa30BaHHa BymMaHa-Bpflefiii nepBoro po^a c flByMa napameTpaMH no 4>opMyjie: 



25-^/= I 



(x2+/)-*.-'"^'et!(^)/(>0rfj+ (52) 



+ 



{y^+x')-iq'iC-)f{y)dy 
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TRANSMUTATIONS AND APPLICATIONS 



rfle Qv{z) — 4)yHKii,Ha JTejKanflpa BToporo pofla, 



SHaneHHe SToii 4)yHKLi;HH 



Ha paapese, Rev < 1. BTopoii nofloSHBiii onepaTop onpeflejiaeTca KaK 4)opMajibHO 
conpajKeHHBiit b L2(0,oo) k (52). 



Theorem 38. Ha 4>yHKLi,Hax h3 C^(0,oo) onepaTop (52) onpeflejien a fleJicTByeT no 
4)opMyjie 

M[25n(.v)=m(,v).M[xl-^/](.), 



,(,)^2^-'fH^ 
\ sin:;ri 



cos 7z{fi — s) — cos KV 
{fx — s) — sin Ttv 

)) 



r(f)r(§+i 



r(f + i^^)r(f- 



v-^ 



(53) 



9 

OnepaTopBi npeo6pa30BaHHa ByniMaHa-BpfleiiH TpcTbero po/],a. 



9.1 OnepaTopbi npeo6pa30BaHHH CoHHHa-KaTpaxoBa h HyaccoHa- 

KaipaxoBa. 

HepeiifleM k nocTpoeHHio onepaxopoB npeo6pa30BaHHa, yHHTapHbix npn Bcex v. 

TaKHe onepaTopbi onpeflejiaroTca no 4)opMyjiaM: 



5^/= -sin— 25 V + cos— i5-V, 
^(7/ = -sm^- 2/^ / + COS— - iP-V- 



(54) 

2 . 2 '--- (^^) 

^jia jno6Bix anaMennii V e K onn aBjiaroTCa jinneiinBiMH KOM6HHau;HaMH onepaTopoB 
npeo6pa30BanHa ByniMana-Bpfleitn 1 n 2 pofla nyjieBoro nopa^Ka rjiaflKOCTH. Mx 
MOJKno OTnecTH k onepaTopaM BymMana-BpfleiiH TpeTBero po^a (cm. hhjkc). B 
HnTerpajiBHoit 4>opMe sth onepaTopbi HMeiOT bha: 



Slf = cos 



Ttv f d 
2 \ dx 



Pv[-]ny)dy + 



(56) 



2 KV 

Tt 2 



{x'-y^)-^Qi{-]f{y)dy 



(/-^') 



f{y)dy\, 



Puf^cos- 



2 . KV 
— sin — 
Tt 2 







/'v(g(^)/(.).y- 



(x2-/)-lQlg)/(y)dy- 



(57) 



{y^-^rhl{l)f{y)dy 



Theorem 39. OnepaTopBi (54)- (55), (56)- (57) npn Bcex v e R aBjiaroxca ynnTap- 
HBiMH, BsanMno conpascennBiMH n o6paTnBiMH b L2. Ohh aBjiaroxca cnjieTaiomHMH 
H fleitCTByMT no 4>opMyjiaM (19). Ilpn stom S^ aBjiaeTCa onepaTOpOM Tnna Connna 
(CoHHna-KaTpaxoBa), a. P^ — Tnna Ilyaccona (Ilyaccona-KaTpaxoBa) . 
on B cjjopMe noflo6noH (56)-(57), ho tojibko c aflpaMn, BBipa>Kaiom,HMHca nepes 
o6iEi,yK) rnnepreoMeTpHHecKyio 4>yHKn,Hio Faycca, 6bijih BnepBbie nocTpoenBi b 1980 
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r. B.B. KaTpaxoBbiM. HosTOMy aBTop npefljiaraeT HaaeaHHa: onepaTopbi npeo6pa30- 
BaHHa CoHHHa-KaTpaxoBa a IlyaccoHa-KaTpaxoBa. Mx BBipajKeHHe Mepes 4)yHKLi,HH 
JlejKaHflpa nepBoro a BToporo poflOB nojiyneHO aBTopoM, KpoMe Toro hx y^aeTca 
BKjiiOHHTB B o6iLi,yK) cxGMy nocTpoeHHs onepaTopoB npeo6pa30BaHHa KOMno3HLi,HOH- 
HBiM MCTOflOM [50], [33], [35]. HpH 9TOM ocHOBHbiMH CTaHOBaTca HaH6ojiee npocTBie 
(jjopMyjiBi (J'E^KTopHaai^HH BHfla (54)- (55). Ha stom nyTH nocTpoeHHe nofloSHBix 
onepaTopoB nepecTaeT 6BiTb cneLi,HajibHBiM HCKycHBiM npneMOM, a BCTpaHBaeTca b 
o6iii;yio MeTOflHKy nocTpoenHa D;ejiBix KjiaccoB noflo6HBix onepaTopoB npeo6pa30Ba- 

HHa K0Mn03HI],H0HHBIM MCTOflOM. 

9.2 OnepaTopbi npeo6pa30BaHHH ByniMaHa-BpfleiiH TpeTtero po^a c npoHS- 

BOJIbHOH BeCOBOH 4)yHKn,HeH. 

PaccMOTpHM CHHyc H KOCHHyc-npeo6pa30BaHHa OypBe a o6paTHBie k hhm 



Fcf-- 



Fsf = 



f{y)cos(ty)dy, F; 



f{y)sm{ty)dy, F; 



(58) 
(59) 



OnpeflejiHM npeo6pa30BaHHe OypBe-Beccejia no 4)opMyjiaM 



Fvf-- 



1 



2^r(v + i) 



rr -. Jvity) 2v+i , 1 



f(y)jv{ty)y^'+'dy = 

f{y)Mty)y''+' dy, 



(60) 



Fv'f = 



{yV 



f{t)Jy{yt)t''+'dt 



(61) 



SflecB Jv{,') — o6BiHHaa ]45], a jv(') — HopMnpoBaHnaa ]15] 4)yHKD;HH Beccejia. Onepa- 
Topbi (58)- (59) caMOConpajKeHHBie yHHTapHBie b L2{Q.°°). OncpaTopbi (60)- (61) 
caMOConpajKeHHbie yHHTapHbie b L2 v(0,oo). 

OnpeflejiHM nepByro napy onepaTopoB npeo6pa30BaHHa ByniMaHa-BpfleiiH TpeTbero 
pofla Ha noflxoflamHx 4>yHKLi,Hax c npoH3BOjibHOH BecoBoit (J'yHKii.Heii no (JjopMyjiaM 

^ -^ (62) 






'v,e 



(p{t) 



■- Fv\<P{t)Fc) 



(63) 



H BTopyK) napy no 4)opMyjiaM 



Pl'^}=F-\<p{t)F,)., (65) 

T^|^ (p{t) — npoH3BOjibHaa BecoBaa cjaynKiina. 

BBefleHHbie onepaTopbi npeo6pa30BaHHa na noflxoflan^nx 4>yHKn,Hax cnjieTaiOT By a 
D , MOJKHO flaTb HX HHTerpajibHoe npeflCTaBjienHe. 
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TRANSMUTATIONS AND APPLICATIONS 



Theorem 40. OnpeflejiHM onepaTopti npeo6pa30BaHHa, cnjieTaH3in,He By h O , no 
4)opMyjiaM 






V, 



s 
c\ \ I f 



<p{t)F 



\ 



Torfla fljia onepaTopa THna CoHHHa cnpaBefljiHBO npeflCTaBjieHne (4)opMajiBHoe) 



s 



\ UJ / 



rfle 



K{x,y)=y 



(x) 



v+1 



K{x,y)f{y)dy, 



sin{xt) 
cos(xt) 1 , ^ 



DpeflCTaBjieHHe fljia onepaTopa THna Dyaccona HMeeT bha 






\ 'V\ I 



n 



G{x,y)f{y)dy, 



rfle 



G{x,y) 



(p{t)t^ 



+ i/sin(yf) 
cos(>'f) 



Jv{xt)dt. 



(66) 



(67) 



HacTHbiM cjiynaeM BBeflennbix onepaTopoB TpeTBero pofla aBjiaiOTca onpeflejiennBie 
Bbinie ynHTapnbie onepaxopbi Connna-KaTpaxoBa n HyaccoHa-KaTpaxoBa, KOTopbie 
nojiyiaiOTca npn BbiSope BecoBoii 4'yHKn,HH (f){t) b Bn^e neKOTopoii 3aBHcam,eH 
OT napaMeTpa v CTenenn. /^ocTaTonno nojinaa Teopna n npHjio^Kenna onepaTopoB 
npeo6pa30BanHa ByniMana-Bpfleitn TpeTbero pofla njiannpyiOTca aBTopoM k ny6jiH- 
Kan,HH B OTflejibHoit CTaTbe. 



10 

HeKOTopbie npnjiojKenna onepaTopoB npeo6pa30BaHHa BymMana-Bpflenn. 

B 3TOM pasflejie npHBe^eM npnjiojKeHna BBCflennbix onepaTopoB. Ho Heo6xoflHMOCTH 
Mbi orpanHHHBaeMca tojibko 4>opMyjiHpoBKaMH ocnoBnbix peayjibTaTOB hjih flasce 
TOJibKO npocTbiM nepeHHCjienneM 4>aKTOB c MHHHMajibHbiM Ha6opoM ccmjiok, neKO- 
Topbie npnjiojKenna TOjibKO naMeneHbi, nx nccjieflOBanne nOKa noflpo6HO ne npoBO- 

flHJIOCb. 



10.1 Oii,eHKH HopM B npocTpancTBax H.A. KHnpHHHOBa. 
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PaCCMOTpHM MHOJKCCTBO (J'yHKU.HH D(0,<»). EcjIH f{x) £ D(0,oo), TO /(x) £ 
G C°°(0,oo), f{x) — 4)HHHTHa Ha 6eCKOHeHHOCTH. Ha STOM MHOaceCTBe 4>yHKLI,HH BBefleM 

nojiyHopMbi 

ll/ll« = I|O-"/IIl,(0H (58) 

rfle D-" — flpo6Ha3 npoHSBOflnaa PHMana-JTHyBHjijia, onepaTop b (59) onpeflejia- 
eTca no 4)opMyjie 

(-i^)'=2'^-to--^^ (60) 

/ .2 Q — onepaTop 3pfleJtH-Ko6epa, a — npoHSBOjiBHoe fleiicTBHTejibHoe mhcjio. ITpH 
j8 = M G No Bbipa:>KeHHe (60) noHHMaeTca b o6biHHOM CMbicjie, hto corjiacyexca c 
onpeflejieHHeM Bbime. 

Theorem 41. IlycTb /(x) e D(0,oo). Torfla cnpaBCfljiMBbi TOJKflecTBa: 

/)_«/= i5_«-ix«(-i^)«/, (61) 

X ax 

x''{-~rf=iP-"-'D^''f. (62) 

TaKHM o5pa30M, onepaTopbi ByniMaHa-BpfleiiH nyjieboro nopaflxa rjiaflKOCTH nep- 
Boro pofla ocymecTBjiaiOT CBasb Me>Kfly flH4'4>epeHLi,HajibHbiMH onepaTopaMH (npn 
a e N) H3 onpeflejieHHH nojiynopM (58) h (59). 

Theorem 42. IlycTb /(x) e D(0,oo). Torfla cnpaBefljiHBbi nepaBencTBa Me>Kfly nojiy- 

HOpMaMH 



||/|Ua<max(l,Vl + sin;ro!)||/t|j„, (63) 

||/||j„ < . ,, ,,\ . =7 ll/IU? , (64) 

rfle a — jiio6oe fleiicTBHTejibHoe hhcjio, a j^ —^ +2k, A: e Z. 

IlocToaHHbie B HepaBencTBax (63)- (64) ne Menbme e/],HHHLi;bi, ^^to 6y/];eT flajiee 

HcnojibsOBaHO. B cjiynae sin;ra = — 1 hjih o; = — ^ +2k, fc G Z, on,eHKa (64) ne HMeeT 

MecTa. 

BBe^eM Ha D(0,oo) co6ojieBCKyio Hopiviy 

ll/ll«'« = ll/llL.(0H + ll/lk- (65) 

BBefleM TaKJKC flpyryro HopMy 

WfWw- = II/IIl2(0H + Wfka (66) 

DpocTpaHCTBa W", W" onpeflejiHM KaK saMbiKaHHa 0(0,°°) no HopMaM (65) h (66) 

COOTBeTCTBeHHO. 

Theorem 43. a) npn Bcex a e R npocTpancTBO W" nenpepbiBHO BjiojKeno b W", 

WfWw-^MWfW^a, (67) 

rfle Ai — max(l,\/l + sin;ra). 

6) IlycTb sin ;ro; 7^ — 1 hjih a/— ^ + 2^, k^lj. Torfla cnpabefljiHBO o6paTHoe Bjioacenne 

^2 B W2 , npHHeM 

11/11 w«s;A2ii/iiw/, (68) 
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r^e A2 = l/mm(l,\/l + sin;ro:). 

b) HycTB sin;ro; 7^ —1, Torfla npocTpancTBa W" h W" h30mop4)hbi, a hx hopmbi 

SKBHBajieHTHBI. 

r) KoHCTaHTBi B HepaBGHCTBax BjiojKeHHit (67)- (68) tomkbib. 

9Ta TeopcMa cjaaKTH^ecKH aBjiacTca cjieflCTBneM pesyjiBTaTOB no orpanHMenHOCTH 

onepaTopoB ByinMaHa-BpfleiiH nyjieBoro nopaflKa rjiaflKOCTH b L2. B cbok) onepeflB, 

H3 TeOpeMBI 06 yHHTapHOCTH 3THX OnCpaTOpOB BBITCKaeT 

Theorem 44. HopMBi 

ll/llw° = tl|0-'/lli2, (69) 

\\f\\wr=iy(-'-^,yf\\^2 (™) 

3aflaK)T SKBHBajieHTHBie HopMHpoBKH B npocTpaHCTBC Co6ojieBa npH Li,ejiBix i' e Z. 
KpoMe Toro, KajKfloe cjiaraeivioe b (69) TOJKflecTBeHHO paBHO cooTBCTCTByiomeMy 
cjiaraeMOMy b (70) c tbm ace HHfleKCOM j. 

H. A. KHnpnaHOB bbSji b [47] uiKajiy npocTpancTB, KOTopBie OKasajiH cymecTBCHHoe 
BjiHaHHC Ha TeopHK) ypaBHeHHH B HacTHBix npoH3BOflHBix c onepaTopoM Beccejia 
no oflnoii njin hbckojibkhm nepcMennBiM. 3th npocTpancTBa MoacHO onpeflejiHTB 
cjieflyK)m,HM o6pa30M. PaccMOTpnM noflMnoscecTBO hgthbix 4)yHKn,HH na D(0, 00), y 
KOTopBix Bce npoHBBOflnBie neneTnoro nopaflKa paBHBi nyjiro npn x = 0. 06o3HanHM 
3T0 MnojKecTBO De(0, °o) H BBeflCM na hSm nopMy 

\\f\\wl, = \\fh2. + \\4\\L2. (71) 

rfle s — neTHoe naTypajiBHoe nncjio, S'j. — HTepan,Ha onepaTopa Beccejia. Ilpo- 
CTpancTBO H.A. KnnpnanoBa npn hbthbix s onpeflejiaeTca KaK saMBiKanne De(0,oo) 
no HopMe (71). MsBecTHO, nTO SKBHBajienTnaa (71) nopMa Moacex 6bitb aaflana no 
iHpopmyne [47] 

11/11^.,, = ll/lk... + lk'(-^^)7lk. (72) 

9to no3BOjiaeT flOonpeflejiHTB nopMy b W| j. fljia Bcex s. Otmcthm, mto no cym,ecTBy 
3TOT noflxofl coBnaflacT c OflnnM h3 npnnaTBix b ]47], flpyroii noflxofl ocnOBan na 
HcnojiB30BanHH npeo6pa30BaHHa OypBe-Beccejia. ^ajiee 6yfleM CHHTaTB, nTO Wj'^ 
nopMnpyCTCa no 4>opMyjie (72). 
BBCfleM BecoByro co6ojieBCKyK) nopMy 

ll/lk', = ll/llL,.. + l|/5-7llL,. (73) 

H npocTpancTBO Wi i KaK saMBiKanne Dc(0,oo) no stoii nopMe. 

Theorem 45. a) IlycTB k 7^ —n, n e N. Torfla npocTpancTBO l.V| j, nenpepBiBno Bjioaceno 
B W2 1^, npHMBM cym,ecTByeT nocTOannaa A3 > TaKaa, hto 

\\f\\wi,^Ai\\f\\^^^, (74) 

6) HycTB fc + i" 7^ — 2rai — 1, k — s ^ — 2ra2 ^2, mi e No, mx £ Nq. Torfla cnpaBefljiHBO 
o6paTnoe Bjioacenne Wj' j, b W^ j., npn^eM cym,ecTByeT nocTOannaa A4 > 0, TaKaa, hto 

WfWw^^^MWfWwi,- (75) 

b) Ecjih yKaaanHBie ycjiOBna ne BBinojinaroTCa, to cooTBCTCTByromne BjiojKenna ne 
HMeiOT MecTa. 
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CjieflCTBHe 1. HyCTB BBinojineHBi ycjiOBHa: k^ —n, n £ N; k+s 7^ —2m\ — 1, mi £ No; k — 
— s^ —2m2 — 2, m2 G Nq. Torfla npocTpancTBa H.A. KHnpHanoBa mojkho onpeflejiHTb 
KaK 3aMbiKaHHe Dc{0,°°) no bccoboh co6ojieBCKoii HopMe (73). 
CjieflCTBHe 2. ToHHBie SHaneHHa nocToaHHBix b nepaBencTBax BjiosceHHa (74)- (75) 

eCTB 

A3=max(l,||i5_-'-'||z.,J, A4 = max(l,||iP_-'-l||i,J. 

OHeBHflHO, HTO npHBefleHHaa TeopeMa h cjie^CTBHa h3 nee BBiTexaMT h3 npHBeflen- 
HBix BBiine pesyjiBTaTOB fljia onepaTopoB ByniMaHa-BpfleJiH. OTMeTHM, hto hopmbi 
onepaTopoB BymMaHa-9p/],eHH nyjieBoro nopa^Ka rjiaflKOCTH b L/ij^ flaMT snaMeHHa 
TOHHBix nocToaHHBix B HepaBCHCTBax BjiojKeHHa (74)- (75). On,eHKH HopM onepaTO- 
poB ByniMaHa-BpfleiiH b 6aHaxoBBix npocTpancTBax Lpa nosBOjiaiOT paccMaTpHBaTB 
BjiojKeHHa fljia cooTBeTCTByK3in,Hx 4)yHKLi;HOHajiBHBix npocTpancTB. 
TaKHM o6pa30M b stom nyHKTe c noMOin,BK) OH ByniMaHa-BpfleiiH nyjieBoro nopaflKa 
rjiaflKOCTH flan nojiojKHTejiBHBiit otbct na Bonpoc, KOTopBiii flaBHO o6cyjKflajica b 
ycTHOM "4)ojiBKjiope" — npocTpancTBa M.A.KnnpHaHOBa h30mop4)hbi bccobbim npo- 
CTpancTBaM C.JT.Co6ojieBa. PasyMeeTca, mbi paccMOTpejiH caMBiii npocToii cjiyHait, 
pesyjiBTaTBi mojkho o6o6in,aTB na flpyrne bhabi HopMnpoBOK, MHoroMcpHBiii cjiyHait, 
saMCHy HeorpaHHHeHHBix oSjiacTeii na orpanHHenHBie, hto eme npeflCTOHT paccMOT- 
peTB B SyflymeM, ho sto hc hsmghht npHHi^HnnajiBHO ochobhofo BBiBOfla. CKasaHHoe 
HH B KoeM cjiyiae ne yMajiaeT hh cymecTBCHHoro anaMeHHa, hh Heo6xoflHMOCTH hc- 
nojiB30BaHHa npocTpanCTB H.A. KHnpnanOBa fljia noflxoflamero Kpyra safla^^ TeopHH 

4)yHKLi;HH H flH4)4)epeHII,HajIBHBIX ypaBHeHHH C laCTHBIMH npOH3BOflHBIMH. ITpHH- 

i],HnHajiBHa^ Ba^scHOCTB npocTpancTB H.A. KanpHaHOBa fljia TeopHH ypaBHeHHH b 
MacTHBix HpoH3BOflHBix pasjiHHHBix THHOB c OHepaTopaMH Beccojia OTpa>KaeT o6n];HH 
MeTOflOjiorHHecKHH HOflxofl, KOTopBiit aBTop ycjiBiHiaji B BHfle KpacHBoro atjjopHSMa 
Ha HjienapHOH jieKn,HH Hji.-Kopp. PAH JT.JX- KyflpaBn,eBa: 

"KA>K;1,0E yPABHEHHE flflmKRO HSYHATBCH B CBOEM 
COBCTBEHHOM HPOCTPAHCTBE!" 

^OKa3aHHBie b stom nyHKTe BjioacenHa MOryT 6bitb HCH0jiB30BaHBi fljia npaMOro 
nepeHOca hsbccthbix OD,eHOK fljia penienHH fi-sjijiHHTHHecKHx ypaBHeHHH b npo- 
CTpancTBax H.A. KHnpnanoBa (cm., nanpHMep, [15], [47]) na OH;eHKH b BecoBBix npo- 
CTpancTBax C.Jl.Co6ojieBa, sto HenocpeflCTBeHHoe npHMeneHHe HpHBe^enHBix b CTa- 
TBe ycjiOBHH orpaHHHeHHOCTH H CHjieTaiOHi,Hx CBoiicTB onepaTopoB Hpeo6pa30BaHHa 
ByniMana-BpfleHH. 

10.2 npe;i,CTaBjieHHe penienHH flHcJxjDepeHiiHajibHbix ypaBHeHHH b ^acTHbix 
npoHSBOflHbix c onepaTopaMH BeccejiH. 

HocTpoeHHBie onepaxopBi Hpeo5pa30BaHHa H03BOjiaiOT BBinncBiBaTB aBHBie 4)opMy- 
jiBi, BBipajKaK)H],He pemeHHa ypaBHeHHH b nacTHBix HpoH3BOflHBix c onepaTopaMH 
Beccejia Hepe3 HeB03Myn];eHHBie ypaBnenna. HpnMepoM cjiy>KHT S-sjijiHHTHnecKoe 
ypaBHenne c onepaTopaMH Beccejia no KajKfloii nepeMeHnoii BHfla 

n 

Y^Bv,xM.^u---,x„) =f, (76) 

k=l 
aHajiorHHHBie S-rHHep6ojiHHecKHe n S-napaSojiHiecKne ypaBnenna. BTa n^ea pa- 
Hee ocymecTBjiajiacB c HCH0jiB30BaHHeM onepaTopoB npeoSpasoBanna Connna- 
Hyaccona-T^ejiBcapTa, cm. ]1]-]3], ]9], ]15]. HoBBie thhbi onepaTopoB Hpeo6pa30BaHHa 
no3BOjiaiOT HOjiynHTB nOBBie KjiaccBi nofloSnBix 4)opMyji cooTBeTCTBHa. 

10.3 Sa^ana KoniH fljiH ypaBHenHs 3Hjiepa-nyaccoHa-/],ap6y (311/1,). 
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PaccMOTpHM ypaBHeHHe 311/^ b nojiynpocTpancTBe 

d^u 2a + \ du 
Ba,tu(t,x) = -TT^ -T- =^xU + F(t,x), 

rfle f > 0, X e R". TJaflHM necTporoe onncaHHe npoLi,eflypBi, noaBOjiaiomeii nojiynaTB 
paajiHHHBie nocTanoBKH HanajiBHBix ycjiOBHii npH t = cahkbim MCTOflOM. 06pa3yeM 
no 4)opMyjiaM (19) onepaTopBi npeo6pa30BaHHa Xa.i a Ya.t- ITpeflnojiojKHM, hto 
cyin,ecTByiOT BBipajKCHHa Xa^tu = v{t,x), XajF = G{t,x). IlycTB o6BiHHaa (necHHry- 
jiapnaa) aaflana Kohih 

_ = A^v + G, v|,=o = <p{x), v;|,=o = ¥{x) (77) 

KoppeKTHO paspeniHMa b nojiynpocTpanCTBe. Torfla b npeflnojiojKCHHH, hto Ya.t = 
= Xf^ I nojiynaeM cjieflyiomHe HanajiBHBie ycjiOBHa fljia ypaBHenHa 311/^: 

Xau\,^0 = a{x), {XauYlt^o = b{x). (78) 

IIpH 3TOM paajiHHHOMy BBi6opy onepaTopoB npeo6pa30BaHHa Xa.t (onepaTopBi 
CoHHHa-IlyaccoHa-T^ejiBcapTa, BymMaHa-BpfleiiH nepBoro, BToporo, TpeTBero po- 
flOB, ByinMaHa-BpfleiiH nyjieBoro nopaflKa rjiaflKOCTH, yHHTapHBie onepaTopBi npe- 
o6pa30BaHHa CoHHHa-KaTpaxoBa h HyaccoHa-KaTpaxoBa, oSoSmennBie onepaTopBi 
ByniMaHa-BpfleiiH) 6yflyT cooTBCTCTBOBaTB pasjiHHHBie HaHajibHbie ycjiOBHa. Cjieflya 
H3Jio>KeHHOH MeTOflHKe B KajKflOM KOHKpeTHOM cjiy^ac Hx MOJKHO npHBCCTH K 6ojiee 
npocTBiM anajiHTHHecKHM 4>opMyjiaM, cm. [29]. 

^annaa cxeMa o6o6iii;aeTca na flHcJ'cjjepeHLi.HajiBHBie ypaBHenHa c 6ojiBniHM hhcjiom 
nepeMeHHbix, ho kotopbim MoryT fleiicTBOBaTB onepaTopBi Beccejia c pasjiHHHBiMH 
HapaMCTpaMH, a TaKsce ypaBHenna flpyrnx thhob. DpHMeHeHHe onepaTopoB npeo6- 
paaoBaHHH HOSBOjiaeT cboahtb cnnryjiapHBie (hjih HHaMe BbipojKflaiomHeca) ypaBne- 
HHa c onepaTopaMH Beccejia no OflHOit hjih hcckojibkhm nepeMennBiM (ypaBnenna 
3n7J, CHHryjiapnoe ypaBHCHHC TenjionpoBOflHOCTH, B — sjijiHHTHiecKHe ypaBHenna 
no onpeflejiennio M.A. KHnpnanoBa, ypaBnenna o6o6ni;ennoH ocecHMMeTpn^ecKoii 
Teopnn nOTenn,Hajia — Teopnn GASPT (Generalized Axially Symmetric Potential Theory) — 
A. BannCTenna n flpyrne) k necnnryjiapnBiM. Dpn stom anpnopnBie on;enKn fljia 
cnnryjiapnoro cjiynaa nojiynaiOTCa KaK cjie^CTBHa cooTBeTCTByK3ni,HX anpnopnBix 
on,enOK fljia peryjiapnbix ypannennn, ecjin tojibko yflajiocb ou;enHTB caMH onepaTopBi 
npeo6pa30Banna b nyjKnBix 4>ynKn,HOnajiBnBix npocTpanCTBax. SnannTejiBnoe nncjio 
noflo6nBix ou;enOK 6bijio npnBeflcno Bbinie. 

Hs pa6oT SToro nanpaBjienna OTMeTnM Monorpacjjnio A. Hcxy (cm. [54]), b KOTopoit 
no cyiu,ecTBy npnMenaeTca yKaaannaa Bbinie cxcMa c onepaTopaMH npeo6pa30Bann- 
aMH fljia penienna aaflann Konin fljia ypaBnenna c flpo6nbiMH nponSBOflnBiMn, npn 
3T0M cyni;ecTBenno ncnojibaycTca npeoSpasoBanne CTanKOBHMa; a TaKJKC npnMenenne 
onepaTopoB npeo6pa30Banna ByniMana-Bpfleiin b paSoTax A.B.FjiymaKa, cm. ]55]. 
Otmbthm, mto onepaTopbi ByniMana-Bpfleiin n BoannKjin nnepBBie b Teopnn ypaBne- 
nna 9Hjiepa-nyaccona-/^ap6y. DpHBefleM cooTBCTCTByion^nn peayjiBxaT, HMeioni,HH 
B TOM iHCJie HCTopnMecKHH nnTepec. 



JTcMMa Koncona. 

PaccMOTpnM fln4)4'6P6Hn,HajiBnoe ypannenne b HacTnBix nponSBOflnBix c flByMa ne- 

peMennbiMH: 

d u{x,y) 2a du(x,y) d u(x,y) 2/3 du{x,y) 
dx^ X dx dy^ y dy 



S.M. SITNIK 



57 



(o6o6iii;eHHoe ypaBHCHHC 3iijiepa-nyaccoHa-^ap6y hjih B-rHnep6ojiHMecKoe ypaB- 
HCHHe no TepMHHOjiorHH H.A. KHnpHaHOBa) b otrpbitoh leTBepTH hjiockocth x > 
> 0, y > npH nojiojKHTejibHBix napaMCTpax j3 > a > c KpaeBBiMH ycjiOBHaMH na 
ocax KOopflHHaT (xapaKTepHCTHKax) 

u{x,0) = f{x),u{0,y) = g{y),m = 8(0)- 
IIpeflnojiaraeTCH, mto peinenHe u(x,y) aBjiacTca nenpepbiBHO flHcJxJjepeHitHpyeMbiM 
B aaMKHyTOM nepBOM KBaflpanTe, HMeeT nenpepBiBKBie BTopbie npoHSBOflHbie b ot- 
KpbiTOM KBaflpaHTe, rpaHHHHbie 4>yHKLi,HH f{x),g{y) aBjiaroxca nenpepbiBHO flHCJjcjse- 
peHi],HpyeMbiMH . 

Torfla, ecjiH pemeHHe nocTaBjieHHoit 3a/],aHH cymecTByeT, to fljia nero BbinojinaroTca 
cooTHOmeHHa: 



2''r(j8 



du 



■0,y = 0, 



du 
dx 



:0,x = 0, 



f{xt)t"+P+Ul-t 



PlJ^tdt: 



(79) 
(80) 



:2«r(a- 



■i{xt)t"+P+^ (l-t 



p^-p^tdt, 



(81) 



^ 



8{y) ^ 



2r(j8 



J-2P 



Jla-\ 



/w >■ 



,2 _^2\''-«-' 






(82) 



r(a + ^)r(j3-a 

u 

rfle Py (z) — cjjyHKD.Ha JTeacaHflpa nepBoro po^a [7]. 

TaKHM o6pa30M, coflepacaHHe jieMMbi Koncona CBOflHTca k TOMy, hto HanajibKbie 
flaHHbie Ha xapaKTepncTHKax nejibsa sa^aBaTt npoHSBOJiBHO, ohh flOJiJKHbi 6biTb CBa- 
saHbi onepaTopaMH ByuiMaHa-SpfleiiH nepBoro po^a. Bojiee noflpo6Hoe o6cyjKfleHHe 
SToJi jieMMbi H cooTBeTCTByioin,He ccbijikh cm. b [7]. 

10.4 IIpHMeHeHHH K onepaTopaM o6o6LLi,eHHoro CflBHra . 

^aHHbiii Kjiacc onepaxopoB BBeflen h noflpo6HO nsyneu b pa6oTax B.M. JleBHTana 

[16]-[17]. Oh HMeeT MHoroHHCJieHHbie npHMeneHHa b tbophh onepaTopoB c MacTHbiMH 

npOH3BOflHbIMH, B TOM MHCJIB C OHCpaTOpaMH BcCCCJia [8], HOBBOJiaa B HaCTHOCTH 

nepeHOCHTb oco6eHHOCTb b ypaBHenHax h3 Hanajia KOopflnnaT b jHo6yH3 TOHKy. 
OnepaTopbi o6o6ni,eHHoro cflBHra no aBnbiM (JjopMyjiaM Bbipa^scaiOTca nepes one- 
paTopbi Hpeo6pa30BanHa [8]. HosTOMy HOBbie Kjiaccbi onepaTopoB npeo6pa30BaHHa 
no3BOjiaiOT nocTpoHTb H HsyMaxb HOBbie Kjiaccbi onepaTopoB o6o6ni,enHoro cflBnra. 



10.5 IIpHMeHeHHH K onepaTopaM ^yHKjia. 

B Hocjieflnee BpeMa snaHHTejibHoe pa3BHTHe nojiynnjia Teopna onepaTopoB ^ynK- 
jia. 9to b cyni,ecTBeHHOM flH4)4>epeHn,HajibHO-pa3HOCTHbie onepaTopbi, coflepacamne 
jinneiinbie KOM6HnaD;HH o6biHnbix npoH3BOflnbix n KoneHHbix paBHOCTeii. B Bbicninx 
pa3MepHOCTax onepaTopbi /l^yHKjia CBa3aHbi c ajire6paMH Jin h rpynnaMn OTpajKeHnii 
H CHMMeTpnii. fljia SToro Kjiacca onepaxopoB snaMHTejibHoe pa3BHTHe nojiyinjia 
Teopna onepaTopoB npeo6pa30BanHa, KaK KjiaccnMecKHx, Tax b OTflejibnbix pa6oTax 
H ByniMana-Bpflenn, cm., nanpnMcp, [59] n ccmjikh b CTaTbax STOro c6opnHKa. 
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10.6 IIpHMeHeHHH onepaTopoB npeo6pa30BaHHH ByinMaHa-3p/],eHH b TeopHH 
npeo6pa30BaHHH Paflona. 

HsBecTHO, i^TO B CHjiy pesyjiBTaTOB JlioflBHra [51] npeo6pa30BaHHe Paflona npH 
onHcaHHH Hepes ctjsepHMecKHe rapMOHHKH fleiicTByeT na KajKfloii rapMOHHKe no pa- 
flHajibHoii nepeMCHHOH b Hameii TepMHHOjiorHH KaK HeKOTopbiil onepaTop BymMana- 
3pfleHH nepBoro pofla. IlpHBefleM tomhbih peayjibTaT. 

Theorem 46. TeopeMa JlMflBHra ([51], [52]). HycTb aaflano paajioscenHe 4)yHKLi,HH b 
K" no ccjaepH^ecKHM rapMonnKaM Bn^a 

/W = E/uW>'u(e). (83) 

Torfla npeo6pa30BaHHe Pa^ona SToii 4)yHKu;HH TaKJKC MoaceT 6biTb paajio^Kcno b pafl 
no ccjjepnHecKHM rapMonnKaM no cjaopMyjiaM 

Rf{x)=g{r,e) = '£g,j{r)Y,j{0), (84) 



gu{r) = c{n) 



k.l 



s^ \ ^ 2^ /.s 



r^ / \r 



1-72) Ci" (z)fkA'-y-^ds, (85) 



rfle c(«) — nCKOTopaa nSBecTnaa nocTOannaa, Cj^ (-) — cjjyHKn.na FerenSayspa [45[. 

TaKJKe cnpaBefljiHBa anajiornHnaa o6paTHaa (J'opMyjia, Bbipa>KaK)in,aa Bejinnnnbi 

fk,l{'') 'lepes gkj{r). 

HsBecTno, hto 4>ynKn,Ha rereH6ay3pa BbipajKaeTca nepes 4)yHKn,HK3 JlejKanflpa [45|. 

TaKHM o6pa30M, cjjopMyjia JlioflBHra (85) noKasbiBaeT, hto peayjibTaT fleJicTBHa 

npeo6pa30BaHHa Faflona no KajKfloJi rapMonnKe c tohhoctbio flo CTenennbix n nocTO- 

annbix MnojKHTejieii — 3to onepaTopbi npeo6pa30BaHHa ByniMana-BpfleiiH nepBoro 

pofla. 

Otmcthm, i^TO HMCHHO 3Ta (JjopMyjia B flByMepnoM cjiynae 6bijia ncnojibsOBana 

A. KopMaKOM fljia pacneTa nepBoro TOMorpatJia, sa hto BnocjieflCTBnn on 6biji yflo- 

CToen Ho6ejieBCKOH npeMnn. 

MacTnbiMH cjiynaaMH 4>opMyjibi JliOflBnra, nojiyHennoii b 1966 rofly, aBjiaiOTCa aBHbie 

cjjopMyjibi, onncbiBaron^ne fleiicTBHe npeoSpasoBanna Faflona no jiio6oh cfjaepHHCCKoii 

rapMOnHKe, b nacTHOCTH, na hhcto paflnajibnbix 4>ynKn,Hax. 3th 4)opMyjibi nepeoT- 

KpbiBaroTca SHTyanacTaMH flo cnx nop. 

Ha 3TOM nyTH cjieflCTBneM nojiyMennbix Bbime pesyjibTaTOB aBjiaroTCa HHTerpajib- 

Hbie npeflCTaBjienna, on,eHKH nopM b 4>yHKn,HOHajibHbix npocxpanCTBax, 4>opMyjibi 

o6pani,eHHa fljia npeoSpasoBanna Fa^ona. FesyjibTaTbi cjjopMyjinpyiOTca b xepMnnax 

onepaTopoB CoHnna-nyaccona-ZJejibcapTa, 3pfleHH-Ko6epa, BymMana-Bpflenn. 

HanpHMep, CTanOBHTCa nonaTHbiM, hto no cyni,ecTBy MHOrne 4)opMyjibi o6pani,enHa 

npeo6pa30BaHHa Faflona coBna^aroT c pasjiHMHbiMn BapnaHxaMH (JjopMyji fljia o6pa- 

menna onepaTopoB ByniMana-Bpflenn nepBOro pofla. 

yKasannbiii Kpyr BOnpocoB TaKJKe noflpo6no nsjioacen b Monorpacjjnn [53[. 

10.7 HpHMeHeHHa onepaTopoB npeo6pa30BaHHH ByniMaHa-Bp^eiiH k no- 
CTpoeHHK) o6o6iLi;eHHbix ceJjepHHecKHx rapMOHHK. 

Eme c 1950-x roflOB cnen,HajiHCTaM 6bijio nsBCCTno, hto HHKaKOit hoboh Teopnn fljia 
nocTpoenna nojinnOMHajibnbix pemeHHit B-3jijiHnTHMecKHX ypaBnennii ne Tpe6yeTCa. 
3to cjieflycT h3 npocToro 4>aKTa, hto yace onepaTopbi npeoGpaaoBanna Connna- 
IlyaccoHa-T^ejibcapTa nepeBOflaT CTenenb b CTenenb. CjieflOBaxejibno, onn nepeBOflaT 
B-rapMOHHMecKne nojinnoMbi b rapMOHH^ecKne n naoGopoT no aBnbiM 4>opMyjiaM. 
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DosTOMy H o6o6iii,eHHbie ctjsepHHecKHC rapMOHHKH CTpoaTca no asHbiM (J'opMyjiaM 

H3 o6BIHHbIX, TaK KaK OHH aBJiaK3TCa CyjKeHHaMH COOTBeTCTByromHX nOJIHHOMOB 

Ha eflHHHHHyM c4)epy. ^anHBiii noflxofl noflpoSno HSjioaceH, nanpHMep, b pa6oTax 
B.Py6HHa [60]-[61] (cm. TaKJKe ccbijikh b sthx pa6oTax). OnepaTopBi ByinMana- 
BpfleiiH flo6aBjiaiOT HOByio CTenenb CBo6oflBi ko bcbm sthm nocTpoeHHaM. 

10.8 IIpHMeHeHHH onepaTopoB npeo6pa30BaHHH BymMaHa-3p;];eHH k nocTpo- 
eHHK) yHHTapHbix o6o6iii;eHHH onepaTopoB Xap/],H. 

YHHTapHOCTB CflBHHyTBIX Ha eflHHHHHBIH KJiaCCHHeCKHX OHepaTopoB XapflH (41) 

ycTanoBjiena BBinie, cm. cjieflCTBHC 4 h3 TeopcMBi 7, KaK y>Ke OTMCMajiocB — sto hsbcct- 
HBiii peayjiBTaT, npHBeflenHBiii b [46]. IloflCTaHOBKa flpyrnx naTypajiBHbix SHaneHHil 
napaMCTpa npHBO^HT k HOBOMy SecKOHCHHOMy ceMciicTBy HHTcrpajiBHBix onepaTopoB 
npocTOro BHfla, yHHTapHbix b L2(0,oo). 

Theorem 47. CjieflyiomHe onepaTopbi o6pa3yK3T napbi BsanMHO o6paTHbix yHHTap- 
Hbix onepaTopoB b L2(0,oo): 



U3f = f + 



fiyA,u,f^f+'- 
y X 



f{y)dy, 



U5f^f + 3x 



y X 



yf{y)dy, 



Uif^f+- 



yf{y)dy, U&f^f-Sx 



/w% 



t/9/ = /+: 



1 



/15x2 

I y' 



f{y)dy, 



Umf = f+: 



1 



15/ 
1i~ 



f{y)dy. 



10.9 HHTerpajibHbie onepaTopbi c 6ojiee o6ili;hmh cnen,HajibHbiMH 4)yHKD;HHMH 

B Hflpax. 

PaccMOTpHM onepaTop \SY.,. Oh hmbct bha 



i5'o+ ' 



d 
dx 



K\ -]f{y)dy, 



(86) 



rfle aflpo K BbipajKacTca ho 4)opMyjic K{z) = Pv{z)- npocTCHHiHe CBoiicTBa cneH,Hajib- 

HblX 4)yHKII,HH H03BOJiaiOT HOKaSaTb, HTO l 5q , MO>KHO paCCMaTpHBaTb KaK MaCTHblit 

cjiyMait onepaTopa BHfla (86) c 4>yHKH,HeH FercHSayspa b aflpe 

r(a + l) r(2B) , r, -.n ' B. ■. 

2^-2r(a + 2j8)r(i3 + i) 
HpH BHa^iCHHax HapaMCTpoB a — V, j8 = J HjiH c 4>yHKH,HeH 51ko6h b aflpe 



K(z) 



r(a+l) 



2Pr(a + p + l 



-{z-l)P{z+irpi!'^"\z) 
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npH 3HaHeHHax napaMCTpoB a = v, p = CT = 0. Bojiee o6iii;hm asjiaroTca onepaTopbi c 
rHnepreoMeTpHHCCKoii (J'yHKii.Heii Faycca 2^1 una c G — (J'yHKii.Heii Maitepa b aflpax. 
IlepeiifleM k hx onpeflejieHHio. 

OnepaTopbi c 4>yHKLi,Heii Faycca 2F\(a,b;c;z) HaynajiHCb b 6ojibmoM hhcjic pa6oT, cm. 
6H6jiHorpa4)HK) b [26]. noflo6Hbie o6o6iii;eHHa flpyroro pofla, b KOTopbix paccMaTpH- 
BaiOTca onepaTopbi c HHTerpHpoBaHHCM no Bceit nojiyocH h aflpa BbipascaiOTca nepes 
o6o6iii,eHHbie ^juvjxhs JTeacaHflpa, HsynajiHCb b [43] . TaKsce bbiacjimm MOHorpa(J)Hio 
A.A. KHji6aca h M.Caitro ]48], b KOTopoit noflpo6HO H3jio>KeHbi HHTerpajibHbie npe- 
o6pa30BaHHa c //-(jjyHKi^Heii OoKca b aflpax. JIji^ HCCjieflOBanHa TaKHx onepaTO- 
poB OKasbiBaroTca nojieanbiMH pasjiHHHbie nepaBencTBa fljia rnnepreoMeTpHHecKHx 
4)yHKLi,HH, nanpHMcp, nojiyHeHHbie b ]49]-]50]. 
BBeflCM eme oflHH Kjiacc noflo6Hbix onepaTopoB, o6o6iii;aioiii;Hx onepaTopbi ByniMaHa- 

BPACHH (8)- (11). 

Definition 6. Onpe^ejinM onepaTopbi raycca-ByniMana-Bpfleitn no cjieflyromHM 4)op- 
MyjiaM: 

lFo+(a,fo,c)[/] 



2'^-lr(c)' 



a+h—c 

1 1 2F1 



Ix 

2y 



f{y)dy, 



(89) 



2Fo+(a,fc,c)[/] = ^jrTY^ 



(90) 



-1 



2F1 



a,h\ 



2x 



f{y)dy, 



lF^{a,h,c)[f] 



2'-lr(c) 



(91) 



a-\-h—c 



iFl 



a,h\ 



\\-^z]f{y)dy.. 



iz 

2x 



2F^{a,b,c)[f] = -—^ 



T(c) 



a+h—c 



2^1 



a.b 



1 \x 

2^2y 



f{y)dy, 



(92) 



3F_ [f]^,F^i-£)[f], 4F_ [/] = (- ^ )2F_ [/: 



dx 



(93) 
(94) 



Chmboji 2-Fi B onpeflejiennax (90) n (92) osnaMaeT rnnepreoMeTpHi^iecKyK) 4)ynKn;HK) 
Faycca na ecTecTBenHoii o6jiacTH onpeflejienna, a b onpeflejiennax (89) n (91) 
o6o3HaHaeT rjiaBnyio bctbb aHajiHTHHecKoro npoflOjiJKenna stoJI 4)yHKu,HH. 
OnepaTopBi (89)- (92) o6o6ni,aK)T onepaxopbi ByniMana-BpfleiiH (8)- (11) coot- 
BeTCTBenno. Onn CBOflaTCa k nocjieflHHM npn BBi6ope napaMCTpoB a = — (v + /i), b = 
— i + V — ^, c=l — /x. Ha onepaTopbi (89)- (92) c cooTBeTCTByioiii,HMH HSMeneHnaMH 
nepenocaTca Bce nojiy^^eHnbie BBiine pesyjiBTaTbi. B MacTHOCTH onn cjjaKTopnsyiOTca 
Mepes 6ojiee npocTbie onepaTopbi (93)- (94) npn cneu,HajibHOM Bbi6ope napaMeipoB. 
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OnepaTopbi (93)- (94) o6o6iii;aiOT onepaTopbi (13)- (16). /Jjia hhx cnpaBefljiHBa 

Theorem 48. OnepaTopBi (93)- (94) MoryT 6BiTb pacniHpeHBi p,o HSOMeTpHMHBix b 
L2(0,co) Torfla h tojibko Tor^a, Korfla ohh coBnaflaiOT c onepaTopaMH BymMana- 
BpfleiiH HyjiCBoro nopa^Ka rjiaflKOCTH I pofla (13)- (16) cooTBexcTBeHHO npH Li;ejiBix 
SHaneHHax napaMeTpa v = 2{b — a— 1). 

3Ta TeopcMa BBi^ejiaeT onepaTopBi ByinMaHa-3pfleHH nyjieBoro nopaflKa rjiaflKOCTH 
cpeflH Hx B03M0JKHBIX o6o6iii,eHHH HO KpaHHeJt Mepe BHfla (89)- (94). CaMH onepa- 
TopBi (89)- (92) HHTepecHBi KaK hobbih Kjiacc npeoSpasoBaHHit, o6o6maioiLi,Hx one- 
paTopBi flpo6Horo HHTerpoflH4)4'6peHLi,HpoBaHHa. AnajiorHnHBie o6o6iii,eHHa mojkho 
npoflejiaTB h fljia onepaTopoB (42)- (43), (52), (56)- (57). 

Bojiee o6iii,HMH aBjiaroTca onepaTopBi c G-4)yHKLi,HeH Maitepa b aflpe. HanpHMep, 
oflHH H3 TaKHx onepaTopoB HMeeT bha 



'^"+("'^'^'^)[^' = r(i-a)r(i-/3) - (^^) 


OcTajiBHBie nojiynaiOTca npH HSMenenHH npoMescyTKa HHTcrpHpoBaHHa h SHaneHHii 
apryMeHTa G - cjsyHKiiHH. ITpH SHa^eHHax napaMCTpoB a = 1 —a, j8 = l— Z?,5 = l — 
— c,Y = (95) CBOflHTca K (89), a npn 3HaHeHHax a = 1 + v, j8 = — v,5 = 7=0 (95) 
CBOflHTca K onepaTopy ByniMaHa-BpfleiiH I po^a nyjieBoro nopaflKa rjiaflKOCTH i5q , . 
T^ajiBHeiimHC o6o6iri,CHHa bo3mo>khbi b TepMHnax 4)yHKLi;HH PaiiTa hjih OoKca. 
Ha 3TOM nyTH nocjie onepaTopoB npeo6pa30BaHHa ByniMaHa-BpfleiiH a Faycca- 
ByniMaHa-BpfleiiH BBOflaTca onepaTopBi npeo6pa30BaHHa Maiiepa-ByniMaHa- 
BpfleiiH, PaHTa-ByinMaHa-9pfleHH h OoKca-ByniMaHa-BpfleiiH paajiH^^HBix poflOB. 
Otmbthm, mto BBOflHMBie KOHCTpyKLi,HH CBa3aHBi c onepaTopaMH npeo6pa30BaHHa 
fljia rHnep6eccejieBBix /],H4)4)epeHn,HajiBHBix onepaTopoB THna CoHHHa-^HMOBCKH h 
IlyaccoHa-T^HMOBCKH [10], [11], a TaKJKe o6o6meHHBiMH HHTerpoflHCJjcjjepeHi^HajiBHBi- 
MH onepaTopaMH flpo6Horo nopa^Ka, KOTopBie 6bijih BBeflCHBi B. KnpaKOBOH ]11]. 

10.10 HpHMeHeHHe onepaTopoB npeo6pa30BaHHH ByniMaHa-BpflefiH b pa6o- 
Tax B.B. KaTpaxoBa. 

B.B. KaTpaxoBBiM 6biji npefljio»ceH hobbih noflxofl k nocTanoBKe KpacBBix 3aflai fljia 
sjijiHnTHHecKHx ypaBHeHHH c oco6eHHOCTaMH. HanpHMep, fljia ypaBHeHna Hyaccona 
HM paccMaTpHBajiacB saflaMa b o6jiacTH, coflepacameit Ha^ajio KOopflHHaT, b KOTopoii 
peineHHa MoryT HMeTB ocoSennocTH npoH3BOjiBHoro pocTa. B TOMKe nanajia Koop- 
flHnaT HM 6bijio npefljioaceno noBoe nejiOKajiBHoe KpaeBoe ycjiOBne THna CBepTKH, 
KOTopoe MBi HaaoBeM K — cjie^OM. B onpeflejieHHH KjiaccoB fljia pemeHHil, KOTopBie 
o6o6iii,aiOT npocTpancTBa C.Jl. Co6ojieBa na cjiyHaii 4)yHKn,HH c cymecTBenHBiMH oco- 
6eHHOCTaMH, (jjyHflaMenTajiBHyio pojiB nrpaiOT pa3jiHMHBie OH. OcnoBHBie pe3yjiBTa- 
TBi cocToaT B flOKa3aTejiBCTBe KoppeKTHoii paspeniHMOCTH nocTaBjiennBix 3aflaH bo 
BBefleHHBix npocTpancTBax. H nocTanoBKH 3aflaH c K — cjieflOM, h HcnojiB30BaHHBie 
HopMBi HanpaMyio HcnojiB3yiOT onepaTopBi npeo6pa30BaHHa ByniMana-BpfleHH, cm. 
]56]-l57]. 

KpoMe Toro, b coBMecTHBix pa6oTax H.A. KHnpnanoBa h B.B. KaTpaxoBa na oc- 
HOBe onepaTopoB npeo6pa30BaHHa BBOflaTca n HsynaiOTca HOBBie KjiaccBi H^O 
]58]. 3th pesyjiBTaTBi H3jio>KeHBi b KanecTBe OTflCjiBnoro naparpacjja b MonorpatJjHH 
P. Ksppojijia [2[ . 
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JTHTEPATYPA. 
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